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iAbstract
This thesis discusses the theory and presents the numerical solution of the
S-wave models of electron-hydrogen and electron-helium scattering. The
Convergent Close-Coupling (CCC) method is used to obtain the numerical
results. The focus within the electron-hydrogen S-wave model is to inves-
tigate cross section results for scattering from excited states; in particular,
the elastic free-free transitions. These contain a divergent potential matrix
element as the rst term. The investigation of the electron-helium S-wave
model is split into two sections, rstly applying the Frozen-Core approxima-
tion and then relaxing this approximation. This includes the rst accurate
ab initio calculation of double-excitation of helium.
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Overview of the study
Developments in numerical methods over the past decade or so have made it
possible to accurately calculate cross section results for electron-atom scat-
tering on a computer. Much of the progress was made using the Convergent
Close-Coupling (CCC) method [1], which makes use of the Close-Coupling
(CC) formalism. However, some aspects of the CC formalism have not been
previously explored in detail. This includes calculating the scattering cross
section for those free-free transitions, which contain a rst term that is diver-
gent with basis size. Furthermore, the current approach of the CCC method
to electron-helium scattering applies the Frozen-Core approximation, which
freezes one of the electrons in the 1s core of He+. This makes it impossible
to study transitions involving double-excited states of helium. There also ex-
ists an unexpected spin dependence [2] in the helium singly dierential cross
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section (SDCS) at equal energy sharing that should be veried numerically.
Finally, there has been little interest in scattering from excited states, with
most of the focus being on scattering from the ground state. Methods like
CCC remain largely untested in this area and there is very little data in the
literature to compare results to.
The aim of this study is to test potential capabilities of the CC formal-
ism, specically the CCC method, as well as to increase the capabilities of
the CCC method. This study is done using the CCC method within the
S-wave model. The S-wave model contains states with only zero orbital an-
gular momentum, but all other eects like exchange and the continuum are
included. This is a signicant simplication of the study, but it does not
diminish our ability to investigate the problems of interest.
This thesis is organised into four main parts:
 Chapter 2 deals with the theory behind the CCC method;
 Chapter 3 deals specically with electron-hydrogen scattering, with
particular focus on the cross sections for free-free transitions;
 the rst part of Chapter 4 deals with electron-helium scattering within
the Frozen-Core approximation, focusing on the expected spin depen-
dence of the SDCS;
 the second part of Chapter 4 deals with work done in relaxing the
Frozen-Core approximation, including a new method to calculate theCHAPTER 1. OVERVIEW OF THE STUDY 3
continuum function overlaps, which are required to restore continuum
normalisation to the pseudostates. Also, the accuracy of the Frozen-
Core approximation is tested, and double-excitation cross sections are
investigated.
The main results of the work presented in this thesis are the following:
 for electron-hydrogen scattering, convergence with basis size in the elas-
tic free-free SDCS corresponding to equal energy sharing is shown nu-
merically despite a divergent rst term and is found to contain a local
minimum as a function of total energy [3];
 for electron-helium scattering, the predicted spin dependence [2] of the
SDCS corresponding to equal energy sharing is veried numerically [4];
 the Frozen-Core approximation is found to be inadequate for scattering
from excited states of helium, a partial relaxation is required, but the
approximation still holds for one-electron excitation from the ground
state;
 convergence with basis size has been achieved for scattering from the
excited states 21S and 23S to the auto-ionising states 2s2s1S, 2s3s1S
and 2s3s3S, with the cross section found to be comparable to that
for exciting single-excited states. This represents the rst time that an
accurate ab initio calculation of electron-impact two-electron excitation
of helium has been performed.CHAPTER 1. OVERVIEW OF THE STUDY 4
The were four publications resulting from this research, with a fth
manuscript being written up for publication:
C. Plottke and I. Bray. Calculation of free-free trasitions in the electron-
hydrogen scattering S-wave model. J: Phys: B, 33:L71-L77, 2000 [5]
C. Plottke and I. Bray. The e-H scattering S-wave model for initial excited
states. Phys: Rev: A, 64:022704, 2001 [3]
C. Plottke, I. Bray, D. V. Fursa and A. T. Stelbovics. Electron-helium
scattering within the S-wave model. Phys:Rev:A, 65:032701, 2002 [4]
C. Plottke, I. Bray, D. V. Fursa, Electron-helium scattering within the
S-wave model. 15th AIP conf: proc: Sydney 2002, pg: 186-188Chapter 2
Electron-atom scattering
2.1 Introduction
In this chapter some background theory behind the Convergent Close-Coupling
(CCC) method is presented. First, the S-wave model used throughout this
thesis is explained. Some Close-Coupling (CC) theory and the numerical im-
plementation namely the CCC method follows. A more detailed theoretical
derivation of the CCC method for the electron-hydrogen system was under-
taken by Bray and Stelbovics [1] and for the electron-helium system by Fursa
and Bray [6]. A detailed ionisation theory was presented by Bray and Fursa
[7]. Also presented in this chapter are some important issues concerning the
CCC method in regard to work discussed later in this thesis.
5CHAPTER 2. ELECTRON-ATOM SCATTERING 6
2.2 S-wave model
Throughout this thesis the S-wave model is applied. This model is also known
as the Temkin-Poet (TP) model when applied to the electron-hydrogen scat-
tering system. Temkin [8] developed a model problem for e -H in the S-wave
model, which was later solved numerically by Poet [9], who used the fact that
part of the wavefunction was separable. The S-wave model involves setting
all orbital angular momenta to zero. As a result, all positions and momenta
may be written as scalars. For example, the true electron-electron repulsion
1=jr1 r2j is replaced by the spherical average for l = 0 given by 1=r>, where
r> is the greater of r1 and r2.
This is a signicant simplication of the full problem, but most of the
features of the full scattering problem are still present, so the problem remains
non-trivial and its solution is useful for the physics of the full problem. The
numerical diculty of treating the target continuum and the antisymmetry
of the total wave function, for example, are still present. Also, convergence
in the cross sections as the basis size is increased must still be achieved. This
makes the S-wave model useful because it allows the testing of how well a
method deals with these and other diculties. Eectively it is equivalent to
simply removing the testing for convergence with increasing orbital angular
momentum of the target states.CHAPTER 2. ELECTRON-ATOM SCATTERING 7
The S-wave model is not representative of reality and hence the results
cannot be compared with any physical experimental results. Nevertheless,
the model still plays a central role in the testing of general scattering theories.
The TP solution has proven a useful benchmark against which numerical
solutions can be tested. The S-wave model works as a prototype for the full
model: if convergence with respect to the basis size cannot be achieved for the
S-wave model, then convergence will be unlikely for the full model. Although
convergence for the S-wave model cannot in turn guarantee convergence for
the full model, this has been the case for investigations thus far. The addition
of orbital angular momentum is well understood and if it is not required for
the primary objective of the numerical investigation, then neglecting full
orbital angular momentum treatment can simplify the investigation.
It is no surprise, therefore, that many groups have made use of the S-
wave model for the purpose of testing new methods. The TP model in-
volving the e -H scattering problem is all the more useful due to being
the most fundamental three body problem. The eect of including pseu-
dostates which diagonalise the Hamiltonian [10], the J matrix method [11],
an averaging technique to remove the pseudoresonances that appeared when
pseudostates were used [12], the CCC method itself [13], the extension of
the Hyperspherical Close-Coupling method to the two electron continuum
region [14] and the R matrix with pseudostates method [15] are all exam-CHAPTER 2. ELECTRON-ATOM SCATTERING 8
ples of the TP model being used to test new CC methods. The TP model
has also been used to test time-dependent approaches such as the one by
Pindzola and Robicheaux [16].
Despite all this work, only recently has the TP model been solved ab
initio. Baertschy et al. [17] used the exterior complex scaling method, while
Jones and Stelbovics [18] used the nite dierence method to obtain good
agreement with previous theory and to obtain a convergent and symmetric
singly dierential cross section (SDCS) for TP model. The CCC method
cannot claim to do this due to the step-function behaviour of the underly-
ing amplitudes. Interestingly enough, the S-wave model was also useful in
explaining this behaviour. A theoretical explanation for the lack of symme-
try in the scattering amplitudes was developed by Stelbovics [19]. Rescigno
et al. [20] also addressed this problem. It was demonstrated that for a CC
approach, the step-function behaviour is inevitable. It was shown that the
calculated scattering amplitudes for the SDCS do not converge to the true
amplitudes, but are related to them through a step-function. Both groups
used the TP model due to its inherent simplicity. Other things that the
TP model has also been useful for include investigating the threshold law
for ionisation cross sections [21] and investigating quantum diraction above
and below the ionisation threshold [22].
However, the usefulness of the S-wave model is not conned to the TPCHAPTER 2. ELECTRON-ATOM SCATTERING 9
model. Draeger and Friedrich [23] comprehensively calculated the energies
of bound states and the widths of auto-ionising states of helium within this
model. Bray and Clare [24] used the model to study scattering on H-like ions
and demonstrated the Z4 scaling law, whilst showing that calculations with
the total energy approximately halfway between two pseudothresholds result
in fewer pseudoresonances. Pindzola et al. [25] calculated time-dependent
e -He scattering including double ionisation within the S-wave model. The
model was also useful for the e+-H system, where the two-centre CCC method
was tested for the treatment of atomic and positronium centres by Kadyrov
and Bray [26], achieving smooth pseudoresonance free cross sections.
It is clear from the large number of publications that have made use of
the S-wave model that it is indeed a useful tool. However, while the S-wave
model has been used extensively in the form of the Temkin-Poet model, it has
only recently been applied to other scattering systems. Indeed, there have
been relatively few studies of the S-wave model within the e -He system. It
is hoped that in addition to using this model as a simplication that makes
the testing of our ideas easier, the results will also help to ll the present
void.CHAPTER 2. ELECTRON-ATOM SCATTERING 10
2.3 Close-Coupling theory
The CC formalism developed by Massey and Mohr [27] expands the total
wavefunction for electron-atom scattering using a complete basis of target
states. Unfortunately, the CC equations are impossible to solve analytically.
There have been many eorts to nd some solution, but it was not until com-
puters were utilised to provide a numerical solution that most of the progress
was made. Burke and Webb [28] were among the rst to use a pseudostate
basis, which was created by diagonalising the Hamiltonian. This improved
the agreement with the experiment for the e -H scattering, but generated
pseudoresonances in the cross section. The eect of increasing the pseu-
dostate basis size was studied by Burke and Mitchell [10] and convergence in
the cross section was observed in some areas, however, pseudoresonances were
observed in other areas. The R matrix method rst proposed by Wigner and
Eisenbud [29] was tested with pseudostates by Burke and Robb [30]. Yamani
and Reinhardt [31] explored the J matrix method using a Laguerre basis and
explored the underlying nature of the quadrature rules. They also showed
how the pseudostates are related to the continuum functions. In the proceed-
ing years there was a lot of work done to eliminate the pseudoresonances,
for example the averaging technique used by Oza and Callaway [12]. How-
ever, such techniques were shown to be unnecessary. Bray and Stelbovics [13]CHAPTER 2. ELECTRON-ATOM SCATTERING 11
demonstrated that the pseudoresonances disappeared when the basis size was
suciently increased, as was done within the CCC method. Bartschat and
Bray [15] conrmed this using the R matrix with pseudostates method and
obtained good agreement with the CCC method. It was also demonstrated
by Bray and Fursa [7] using the CCC method that a pseudostate basis could
be used to obtain ionisation cross section.
The theory presented in this chapter is based on the work of Bray and
Stelbovics [1] and on the work of Bray and Fursa [7]. The theory is applied
to the S-wave model of the e -H scattering system. The theory for the e -He
system is similar and the dierences will be discussed in Chapter 4.
The CC theory for the eigenstate basis is an exact solution of the problem
in theory and is presented rst, however, it does not allow for a practical
solution. This is due to non-existent integrals within some potential matrix
elements. The solution is to use square integrable pseudostates. While this
allows all potential matrix elements to exist, some will necessarily exhibit
divergence with increasing basis size. This behaviour will be covered to
demonstrate the need to test the stability of cross section results where such
potential matrix elements form the rst term.CHAPTER 2. ELECTRON-ATOM SCATTERING 12
2.3.1 Eigenstate basis
Atomic units are used throughout unless specied otherwise. Consider the
S-wave model solution j	
(+)
iS i of the Schr odinger Equation for the e -H scat-
tering system
(E   H)j	
(+)
iS i = 0; (2.1)
where
 E is the total energy,
 S is the total spin,
 i labels the initial channel,
 (+) denotes the outgoing spherical wave boundary conditions in use.
H is the total Hamiltonian given by
H = H1 + H2 + v12
= K1 + v1 + K2 + v2 + v12; (2.2)
where
 Ki is the kinetic energy operator of the respective electrons,
 vi is the electron-nucleus potential,
 v12 is the electron-electron potential,
 Subscripts i = 1;2 represent the projectile and target electron respec-
tively.CHAPTER 2. ELECTRON-ATOM SCATTERING 13
The symmetry of the wave function is given by
hr1r2j	
(+)
iS i = ( 1)
Shr2r1j	
(+)
iS i: (2.3)
This symmetry is forced numerically by applying the operator (1+( 1)SPr)
to the numerically calculated wave function j 
(+)
iS i
j	
(+)
iS i = (1 + ( 1)
SPr)j 
(+)
iS i; (2.4)
where Pr denotes the space exchange operator.
The rst step in deriving the CC equations is to dene the identity oper-
ator
Ii =
X Z
n
jnihnj; (2.5)
where the subscript i = 1, 2 for jni within coordinate spaces r1 and r2, re-
spectively. The jni form a complete set of target eigenstates with energies n
(n   H2)jni = 0: (2.6)
This includes a countably innite number of discrete states 1s, 2s, 3s, :::
with negative energies n representing discrete states of atomic hydrogen,
and a continuum of non-normalisable positive energy states representing a
free electron and a proton.
To demonstrate the behaviour of these states, the functions n(r) are
given in Figures 2.1 and 2.2 for discrete states 1s, 2s, 3s and two continuum
states 1s, 2s, respectively.CHAPTER 2. ELECTRON-ATOM SCATTERING 14
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Figure 2.1: n(r) for hydrogen s-states with n = 1, 2, 3.
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Figure 2.2: (r) for two continuum s-states 1 = 1:5 eV and 2 = 10 eV.CHAPTER 2. ELECTRON-ATOM SCATTERING 15
Combining Equation (2.1) with Equation (2.4) results in
(E   H)(1 + ( 1)
SPr)j 
(+)
iS i = 0; (2.7)
This can be rearranged to form
(E   K1   H2)j 
(+)
iS i = VSj 
(+)
iS i; (2.8)
where VS is the interaction potential operator given by
VS = v1 + v12 + ( 1)
S(H   E)Pr: (2.9)
The two electron channel functions represented by jnkni are obtained as
eigenstates of the asymptotic Hamiltonian
0 = (E   K1   H2)jnkni
= (E   k
2
n=2   n)jnkni; (2.10)
where jkni is a plane wave with energy k2=2.
Rearranging Equation (2.8) gives
j 
(+)
iS i = jikii +
1
(E   K1   H2)
VSj 
(+)
iS i: (2.11)
The resulting amplitude for the atomic transition i ! f is given by
hkffjTSjikii = hkffj
   
H   Ej	
(+)
iS i
= hkffj(K1 + H2   E) + v1 + v12 + ( 1)
S(H   E)Prj 
(+)
iS i
= hkffjVSj 
(+)
iS i; (2.12)CHAPTER 2. ELECTRON-ATOM SCATTERING 16
where
   
H indicates that the Hamiltonian operator H is applied to the left.
Applying hkffjVS to Equation (2.11) yields the Lippmann-Schwinger Equa-
tion
hkffjTSjikii = hkffjVSjikii
+
X Z
n
Z
dk
hkffjVSjnkihknjTSjikii
E + i0   n   k2=2
: (2.13)
The outgoing spherical wave boundary conditions are indicated by the nota-
tion +i0.
Two immediate problems that arise shall be addressed in this thesis.
First, the on-shell integration in Equation (2.13) over positive n goes from
0 to E. This implies a double-counting problem in a unitary theory because
correct symmetrisation has been ensured and therefore it would be expected
that hkffjTSjikii and hkf0f0jTSjikii belong to the same ionisation process
if f = k2
f0=2.
The other problem occurs due to the non-existence of some VS matrix
elements. Consider the direct free-free component of the VS matrix
D0(k
0;k) =
Z 1
0
dr
Z 1
0
dr
0 sin(k
0r)0(r
0)
"
1
r>
 
1
r
#
(r
0)sin(kr)
=
Z 1
0
drsin(k
0r)sin(kr)
1
r
Z r
0
dr
00(r
0)(r
0)
+
Z 1
r
dr
00(r0)(r0)
r0  
1
r
#
: (2.14)CHAPTER 2. ELECTRON-ATOM SCATTERING 17
For elastic free-free transitions this becomes
D(k;k) =
Z 1
0
drsin
2(kr)
1
r
Z r
0
dr
0((r
0))
2
+
Z 1
r
dr
0((r0))2
r0  
1
r
#
: (2.15)
The direct component of the VS matrix does not exist for these elastic free-
free transitions as seen, for example, by the non-existence of the integral
R 1
r dr0 ((r0))2
r0 for nite values of r. The non-existence is due to (r) not
being square integrable, see Figure 2.2. Also, there is no chance of cancelling
with the integral
1
r
R r
0 dr0((r0))2, as both are positive for r > 0. While this is
not a fatal 
aw in the theory, it does render the CC equations in their current
form unsolvable numerically. All TS matrix elements depend on these elastic
free-free VS matrix elements due to the coupled nature of the equations.
2.3.2 Pseudostate basis
In order to solve the Lippmann-Schwinger Equation (2.13) numerically, the
uncountably innite number of true target states jni is replaced with a
nite basis of n = 1;:::;N of pseudostates j(N)
n i with energies (N)
n that
diagonalise the target Hamiltonian
h
(N)
m jH2j
(N)
n i = 
(N)
n mn: (2.16)CHAPTER 2. ELECTRON-ATOM SCATTERING 18
A Laguerre basis is used for this as per the work of Yamani and Reinhardt
[31]. The L = 0 orthonormal basis used here is given by

(N)
n (r) =
 

2
(n   1)!
(n + 1)!
!1=2
(r=2)exp( r=4)L
2
n 1(r=2); (2.17)
where L2
n 1(r=2) is the associated Laguerre Polynomial. Variation of the
parameter  controls the energy distribution of the states j(N)
n i.
The Laguerre basis is chosen because it is square integrable (L2) and
complete, hence
jn0i = lim
N!1
N X
n=1
j
(N)
n ih
(N)
n jn0i: (2.18)
Furthermore, if n = (N)
n
h
(N)
n jn0i = nn0h
(N)
n jni: (2.19)
This will now be implied in the notation. Equation (2.18) now becomes
jni = lim
N!1j
(N)
n ih
(N)
n jni: (2.20)
This behaviour is demonstrated in Figure 2.3. It shows the true continuum
wave n(r) and (N)
n (r)h(N)
n jni for N = 25 and N = 50. A similar value
of  is used for both N, varied slightly so that n = (N)
n = 10 eV. The
pseudostate for N = 50 is much closer in shape to the true continuum wave
than the pseudostate for N = 25. The L2 nature of (N)
n (r) is clear from the
way it falls o with r very quickly, however, it is similar in shape to n(r) forCHAPTER 2. ELECTRON-ATOM SCATTERING 19
-0.5
0
0.5
1
0 20 40 60 80 100 120
a
m
p
l
i
t
u
d
e
r (a.u.)
  fn(r)
  fn
(25)(r) ´ á fn
(25)|fn ñ
  fn
(50)(r) ´ á fn
(50)|fn ñ
Figure 2.3: Demonstration of the convergence with N shown in Eqn (2.18). Note the
inclusion of the overlap h
(N)
n jni, where n = 10 eV.
the smaller r. The overlap h(N)
n jni restores the continuum normalisation
and boundary conditions to the continuum pseudostate (N)
n (r), making it
consistent with the true continuum wave n(r).
The projection operator analogous to Equation (2.5) is
I
(N)
i =
N X
n=1
j
(N)
n ih
(N)
n j; (2.21)
with the property of
lim
N!1I
(N)
i = Ii; (2.22)
the true identity operator in the space of the target electron in space ri.
A basis of L2 states is used in order to ensure that all V
(N)
S matrix elementsCHAPTER 2. ELECTRON-ATOM SCATTERING 20
exist. To demonstrate this, consider Equation (2.15) obtained using the new
L2 basis
D
(N)
 (k;k) =
Z 1
0
drsin
2(kr)
"
1
r
Z r
0
dr
0(
(N)
 (r
0))
2 +
Z 1
r
dr
0((N)
 (r0))2
r0  
1
r
#
:
(2.23)
(N)
n (r) are orthonormal, therefore
lim
r!1
1
r
Z r
0
dr
0(
(N)
 (r
0))
2 =
1
r
: (2.24)
This term cancels the 1
r term for large values of r. Also, due to the L2 nature
of (N)
n (r), the integrand of
R 1
0 dr
R 1
r dr0 (
(N)
 (r0))2
r0 approaches zero rapidly for
large values of r. This means that the elastic free-free elements of V
(N)
S matrix
now exist and it should now be possible to solve the CC equations with these
matrix elements included.
The basis change leads to a modied version of the Lippmann-Schwinger
Equation
hkf
(N)
f jT
(N)
S j
(N)
i kii = hkf
(N)
f jV
(N)
S j
(N)
i kii
+
N X
n=1
Z
dk
hkf
(N)
f jV
(N)
S j(N)
n kihk(N)
n jT
(N)
S j
(N)
i kii
E + i0   
(N)
n   k2=2
:(2.25)
The calculated V
(N)
S and T
(N)
S matrices depend on the basis size N used. As
the basis size is increased in a systematic manner, the set of pseudostates
will increasingly better span the set of the true eigenstates of the target.
As a result, the calculated T
(N)
S matrix is expected to converge to the trueCHAPTER 2. ELECTRON-ATOM SCATTERING 21
TS matrix. This convergence has indeed been demonstrated numerically by
Bray and Stelbovics [13].
To see how the cross section is obtained using the T
(N)
S matrix, the rst
step is to apply the projection operator I
(N)
2 to the TS matrix
f
(SN)
fi = hkffjI
(N)
2 T
(N)
S I
(N)
2 jikii;
=
N X
n=1
N X
m=1
hfj
(N)
n ihkf
(N)
n jT
(N)
S j
(N)
m kiih
(N)
m jii: (2.26)
Equation (2.19) simplies this to
f
(SN)
fi = hfj
(N)
f ihkf
(N)
f jT
(N)
S j
(N)
i kiih
(N)
i jii; (2.27)
It should be noted that Equation (2.19) assumes that n = (N)
n . This is
easily satised for pseudostates in the continuum, as there will always be a
corresponding eigenstate with the same energy. In the discrete spectrum,
the lowest few pseudostates are generated very close to the energies of the
eigenstates, so n = (N)
n is a good approximation, as is hnj(N)
n i = 1. While
this is not true for higher energy pseudostates in the discrete spectrum, these
will converge to the eigenstate energies as N is increased.
The discrete scattering cross section is given by

(SN)
fi =
kf
ki
jf
(SN)
fi j
2: (2.28)
The singly dierential cross section (SDCS) is given by
d
(SN)
i
d
(f) =
1
p
2f
kf
ki
jf
(SN)
fi j
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The 1 p
2f
term is due to the cross section being given as a function of energy
and not momentum. The total cross section (TCS) is simply

(SN)
tot =
X
f:n<0

(SN)
fi +
Z E
0
d
(SN)
i
d
()d; (2.30)
with the second term being the total ionisation cross section (TICS).
2.3.3 Step-function SDCS
The TICS, as seen in Equation (2.30), is obtained by an integration over
the SDCS from  = 0 to E. As mentioned earlier, this appears to cause a
double counting problem in a unitary theory. This problem is examined in
this section for the L2 pseudostate basis in use. This is done by studying the
behaviour of the calculated SDCS.
There are two main points of interest in the calculated SDCS. First is the
lack of symmetry in the SDCS about
E
2 , and second are the N-dependent
oscillations present in the SDCS. Figure 2.4 demonstrates this behaviour.
Both of these features were rst noted for the S-wave model [32] and hold
true for the CCC method in general. These issues are also discussed by
Bray [33].
Symmetry is expected in the true SDCS due to the indistinguishability
between two outgoing electrons. Although the two outgoing electrons are rep-
resented dierently within the CCC method, the theoretical considerationsCHAPTER 2. ELECTRON-ATOM SCATTERING 23
0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0 0.5 1 1.5 2 2.5 3
c
r
o
s
s
 
s
e
c
t
i
o
n
 
(
a
0
2
/
R
y
)
energy (Ry)
  N = 10
  N = 20
  N = 30
  N = ¥
Figure 2.4: A typical singlet SDCS obtained with the CCC for scattering from ground
state hydrogen is given for a range of basis sizes. Total energy is 3 Ry. The step-function
approximated by Eqn (2.32) is labelled as N = 1.
for indistinguishable particles, such as exchange, are included. The SDCS
at n corresponds to the probability of nding the electron represented by
the nth pseudostate and the electron represented by the outgoing plane wave
with energy E   n. This calculated SDCS
d
(SN)
i
d (), does not converge to the
true SDCS
d
(S)
i
d(), as demonstrated by the lack of symmetry in the calcu-
lated SDCS. However, the relation between the calculated and true SDCS isCHAPTER 2. ELECTRON-ATOM SCATTERING 24
known [19, 20] to be
lim
N!1
d
(SN)
i
d
() =
8
> > > > > > > > <
> > > > > > > > :
d
(S)
i
d() if  < E
2
1
4
d
(S)
i
d() if  = E
2
0 if  >
E
2:
(2.31)
Note that this result solves the double counting problem encountered earlier.
The energy integration from 0 to E over the calculated SDCS is therefore
equivalent to integrating from 0 to E
2 for suciently large values of N.
An immediate concern that arises is that, if the calculated SDCS is not
symmetric about E
2 , then there must be something seriously wrong with the
method. However, the SDCS for E
2 <  < E is easily obtained if the SDCS
for 0 <  < E
2 is known and if the results agree with the experiment, then
this should be sucient to verify the accuracy of the method. Nevertheless,
Stelbovics [19] discusses the theoretical reasons why a step-function SDCS
should indeed be expected.
The large N-dependent oscillations are an indication of the lack of rapid
convergence. They appear to be a direct result of the discontinuity in the
calculated SDCS at E
2 . As the discontinuity grows, so does the size of the
oscillations. This result is consistent with the convergence of a Fourier series
about a discontinuity. In contrast, the convergence of the calculated SDCS
at
E
2 has been found to be very fast as seen for scattering from a ground
state target, and it is expected that fast convergence will also be seen forCHAPTER 2. ELECTRON-ATOM SCATTERING 25
scattering from excited target states.
Although the oscillations are a fundamental limitation of the CC theory,
it remains possible to use the calculated SDCS to accurately estimate the
true SDCS for scattering from states in the discrete spectrum. Also, this
problem does not appear to impact on the stability of the TCS and the
TICS [Eqn (2.30)], which are obtained by integrating over the SDCS.
Consider the energy region 0 <  < E
2 , where the calculated SDCS
is non-zero. In the case of scattering from a discrete state the true SDCS
is expected to decrease monotonically as  ! E
2 . The SDCS in this case
represents the probability of the incident electron ionising the atom and of
one electron being detected with energy . As  increases, so does the energy
lost by the incident electron. In the continuum, a greater energy loss should
correspond to a smaller cross section. The form should also be symmetric
about E
2 . At E
2 , the true SDCS is simply 4d
(SN)
i =d(E
2 ). A good estimate
for the true SDCS would therefore be
d
(S)
i
d
()  a

 
  
E
2

 

n
+ 4
d
(SN)
i
d
(E=2); (2.32)
where n and a are constants. The TICS given by the second term of Equation
(2.30) is known. It is obtained from the SDCS and forces a unique a once
the value of n is chosen. Therefore there is only a single degree of freedom
in the choice of the estimate for the true SDCS. The value of n is chosenCHAPTER 2. ELECTRON-ATOM SCATTERING 26
such that the estimate curve best averages out over all the oscillations in
the calculated SDCS. The constant a must be positive in order to obtain a
monotonic decreasing estimate in this region, however this is not articially
forced.
In the case of the free-free transitions, the above estimate is not valid. The
behaviour will be discussed along with the results (see Section 3.3) presented
in the following chapter.Chapter 3
Electron-hydrogen collisions in
the S-wave model
3.1 Introduction
This chapter expands on the work published by Plottke and Bray [5, 3] inves-
tigating the electron-hydrogen scattering system for dierent initial states.
This study was done within the S-wave model and included one initial state
with both electrons in the continuum.
The CCC method has claimed many successes in accurately solving electron-
atom scattering systems. These investigations have predominantly concen-
trated on scattering from the atomic ground states. Here we are interested
in the case of scattering from excited initial states, including positive energy
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states which allow the representation of free-free transitions.
The testing of the CCC method for scattering from excited initial states
becomes particularly interesting when considering the divergent nature of
elastic free-free V
(N)
S matrix elements. These appear as a rst term of the
equation for the T
(N)
S matrix [see Eqn (2.25)] for these transitions. This
raises the question of whether there is still convergence in the elastic free-
free T
(N)
S matrix elements. Hence, the investigation will include scattering
from one state in the continuum in addition to discrete excited states.
3.2 e-H scattering theory
The CCC theory for the e -H S-wave model has been discussed in sec-
tion 2.3.2. Presented in this section is additional theory specic to the work
discussed in this chapter.
3.2.1 Momentum space representation
The Lippmann-Schwinger Equation (2.25) used to solve for the T
(N)
S matrix
hkf
(N)
f jT
(N)
S j
(N)
i kii = hkf
(N)
f jV
(N)
S j
(N)
i kii
+
N X
n=1
Z
dk
hkf
(N)
f jV
(N)
S j(N)
n kihk(N)
n jT
(N)
S j
(N)
i kii
E + i0   
(N)
n   k2=2CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 29
requires an integration over the half on-shell V
(N)
S and T
(N)
S matrix elements
as well as Green's Function with respect to momentum k. If an inadequate
k-grid is used for this integration, then numerical instabilities will make con-
vergence with N impossible. Additionally, it is necessary to be mindful of
the on-shell momentum in the numerical integration, where the denominator
is zero.
Within the CCC method, the k-grid is divided into three regions: the
inner region, with a very ne grid; the intermediate region, with the grid
spread over a larger area; and the outer region, with a few points of ex-
ponentially increasing momentum. The number of grid points within each
of these regions is fully customisable, as is the size of the regions and the
exponential fall-o in the nal region. The idea is to generate a very well
represented k-grid for low momenta corresponding to low energies, the same
energy range containing a high density of pseudostates. A good represen-
tation is also required for the intermediate momenta, corresponding to the
energy range containing the rest of the pseudostates, with a few exceptions
for high energy closed pseudostates. This energy region and beyond corre-
sponds to transitions with very little impact on the cross sections and the
momentum space can be represented by just a few points.
To deal with the numerical diculties near the on-shell momentum, theCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 30
size of the inner region is varied for each value of n such that a certain
set number of grid points appear symmetrically on either side of the on-
shell momentum. This yields N sets of the k-grid, one for each on-shell
momentum. The symmetrical placement of grid points around the on-shell
momentum ensures that the contributions from both sides of the principal
value singularity cancel in a numerically ecient way during the integration
over k. An alternate method would be to create a buer around the on-
shell momentum with grid points placed symmetrically around the on-shell
momentum. While this approach keeps the size of the inner region constant
for all n, it requires a larger k-grid so it is more computationally intensive.
Just as it is important to obtain convergence with N, it is also important
to obtain convergence with k-grid. If the k-grid is not ne enough, then
convergence with N will be impossible. One symptom of this is results that
change with k-grid choice, however, once a sucient k-grid has been chosen,
the results will be stable and independent of further renement of the k-grid.
There are many parameters to chose from in the k-grid and so the process of
nding a sucient k-grid is not as straightforward as simply increasing N.
Also, due to the way the Lippmann-Schwinger Equation (2.25) is dependent
on N and E, what can be considered as the smallest adequate k-grid will also
depend on the choice of basis and on E. As N increases, the k-grid will need
to be made ner and as E increases, the k-grid will need to extend further.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 31
Fortunately, once a k-grid has been found adequate for the maximum values
of N and E it will also be sucient for lower values of N and E, though
unnecessarily rened.
Convergence with the k-grid is tested by comparing cross section results
for dierent k-grids after they are rened. Rening the inner and intermedi-
ate regions is done in two ways. The grid can be made ner by adding more
grid points while keeping the region the same size, or by increasing the size
of the region while keeping the grid density constant. These changes only
act to enhance the k-grid, and a stable k-grid will produce the same cross
section results before and after. Such renement is not as simple for the outer
region, as too many grid points may cause the numerical integration to be-
come unreliable. The integration is done using the Gauss-Legendre method.
Nevertheless, this region is adequately represented if the cross section results
do not alter with small changes to this region.
To demonstrate a typical k-grid, it was found that for E = 3 Ry and for
N = 32, a k-grid with 86 grid points was sucient. This included 40 grid
points in the inner region from 0 to 0.7, 40 grid points in the intermediate
region from 0.7 to 6.5 and 6 grid points in the outer region with a 4.0 fall-o,
which assumes that the integrand falls o as k 4.
An additional test can be done to check the quality of the k-grid by
integrating the product of the states j(N)
n ki and the regular solution overCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 32
the k-grid, with the numerical result compared to 1.0, the analytical result.
Each of the k-grids, generated for the dierent on-shell momenta, is tested
using all j(N)
n i. A good k-grid will yield numerical results of 1.0 for all cases.
This is a useful test of the k-grid before searching for convergence in the cross
section.
3.2.2 H target pseudostates
The hydrogen target pseudostates j(N)
n i used to solve for the T
(N)
S matrix
in Equation (2.25) are generated by diagonalising the target Hamiltonian
in the Laguerre basis [Eqn (2.17)]. The Laguerre basis (N)
n (r) contains the
parameter , which is a free variable that determines the energy distribution
of the pseudostates. As the value is increased, the energies of the pseudostates
increase also. It should be noted that this set of states forms a complete set
for any positive real . A sucient increase in  will result in more of the
pseudostates being located in the continuum. However, it is also possible to
ensure that a pseudostate will exist at a predetermined energy by ne tuning
the value of . The initial value of  used as the starting point for this ne
tuning will be referred to as the initial or as the approximate value of .
To demonstrate the eect of increasing N and , Figure 3.1 shows the
energy distribution of the pseudostates as N is increased from 20 to 30 forCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 33
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Figure 3.1: Energy distribution of pseudostates j
(N)
n i, where   0:5 such that n = E
2
for one n, E = 3 Ry. Distributions are given for dierent values of N.
  0:5 such that n = E
2 for one n, and Figure 3.2 shows the energy
distribution of the pseudostates with N = 25 for  between 0.2 and 1.1
where n = E
2 for one n. In both cases E = 3 Ry. Closed states are excluded
from these gures, however these are included in the calculation, so the eect
of these as intermediate states is not lost.
In Figure 3.1 it is clear that the rst few discrete pseudostates are stable
as they do not change with N. In the continuum energy region, the gaps
between the pseudostate energies become smaller as N is increased. This is
especially visible around the xed pseudostate at 1.5 Ry. This is expected dueCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 34
to a bigger basis being able to better represent the continuum energy region.
Another interesting pattern is also visible in the energy of the pseudostates
on either side of 1.5 Ry as N is increased. The energies seem to change
only slightly for 21 < N < 25 and 26 < N < 29, however, a larger change
occurs between other N. This is an artifact of the process used to keep a
pseudostate at 1.5 Ry, while keeping  as close to 0.5 as possible. As N
grows from 21 to 25 and again from 26 to 29, the energy of the pseudostate
at 1.5 Ry would be seen to slowly increase, but this is oset by a decrease in
the value of  keeping the pseudostate at the desired energy. When the value
of  becomes too low, it increases sharply such that the next pseudostate is
shifted to 1.5 Ry. This sharp change in  between N is responsible for the
increased movement of pseudostate energies between some N.
Figure 3.2 more clearly demonstrates the eect seen in Figure 3.1 that
a rapidly changing  has on the positions of the pseudostates. Also, it is
clear that as  is increased, the continuum region of the energy spectrum
becomes more equally covered with pseudostates. Note that for  > 0:85
there are now two open pseudostates with energies greater than 1.5 Ry. On
the other hand, values  < 0:3 are seen to generate too few pseudostates in
the continuum. The increased representation of the continuum for higher 
has an eect on the representation of the discrete spectrum with the eects
starting to be visible for  = 0:65, though the representation remains goodCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 35
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Figure 3.2: Energy distribution of pseudostates j
(N)
n i, where N = 25 and E = 3 Ry.
Distributions are given for dierent values of  which satisfy n = E
2 for one n.
until about  = 1:0.
The ability to set one of the pseudostates at a particular energy is impor-
tant for this study. In order to study convergence in the elastic free-free cross
section as the basis size N is increased, a pseudostate with energy E
2 must
be included. This is due to the behaviour of the calculated singly dierential
cross section (SDCS) as discussed in Section 2.3.3. The only energy for which
convergence can be obtained in the SDCS is at E
2 . In order to calculate the
SDCS at this energy, one of the pseudostates must be of the same energy.
Since it is only possible to study convergence in the SDCS at E
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of convergence for elastic free-free transitions would also have to be at this
energy. Therefore in this study there will be only one initial state in the
continuum and it will have an energy of E
2 .
The value of  needs to be close to 0.5 in order to generate an equal num-
ber of positive and negative energy pseudostates, however, values of up to 1.0
might be acceptable. Given a basis of 25 states, this produces pseudostates
that are a good representation of their corresponding eigenstate for the rst
few discrete states, as seen in Figure 3.2. In addition to this, it is important
that E  ((N)
n +
(N)
n+1)=2 for one n. This is needed to get a stable result by en-
suring that the energy integration weight associated with the last open state
ends the integration at E [24]. Finally, N has to be suciently large so as to
have reasonably converged results, but small enough so that ill-conditioning
does not make the results too unstable. This was found to occur mainly for
values of N between 22 and 32 by looking at scattering cross sections from
the ground state, which have already been tested previously [13, 15]. It is to
be noted that calculations done using N = 32 and a suciently large k-grid
can take a signicant amount of CPU time, taking about three quarters of
an hour to do on the local supercomputer.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 37
Selecting N and  for convergence study
To study convergence, three combinations of N and  were selected that
satisfy the conditions listed above, but also range as broadly across N as
possible. The process of selecting these combinations for the E = 3 Ry case
is described below, however, the combinations of N and  are dierent for
each total energy.
Sets of the pseudostate basis were created with N = 22;:::;32 for values
of   0:4;0:5;0:6;0:7 and 0.8. It must be noted that these are the initial
values of  and are varied by the program to get a pseudostate at
E
2 . Table 3.1
shows the energy dierences n   E and n+1   E for the two pseudostates
on either side of the total energy, positive values representing the closed
state. This table analyses how well the various combinations of N and initial
 satisfy the condition E  ((N)
n + 
(N)
n+1)=2 discussed above. This is best
satised when the pairs of energy dierences listed in the table are the closest
to cancelling each other. For example, given N = 22 a choice of   0:6 gives
the best result with pseudostates at 0.68 Ry below and 0.84 Ry above the
total energy of 3 Ry.
It should be noted that certain trends can be seen with increasing N, sim-
ilar to those that were seen in Figure 3.1. The energies of the pseudostates
near E in most cases will decrease only slightly in energy as N is increasedCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 38
Nn 0.4 0.5 0.6 0.7 0.8
22 -0.14, 3.90 -0.50, 1.73 -0.68, 0.84 -0.80, 0.38 -0.80, 0.38
23 -0.15, 3.86 -0.51, 1.69 -0.70, 0.81 -0.81, 0.35 -0.88, 0.08
24 -0.16, 3.83 -0.52, 1.67 -0.71, 0.78 -0.82, 0.32 -0.90, 0.04
25 -0.17, 3.80 -0.52, 1.64 -0.83, 0.29 -0.91, 0.01 -0.16, 1.07
26 -0.53, 1.62 -0.72, 0.73 -0.84, 0.27 -0.01, 1.50 -0.19, 1.02
27 -0.54, 1.60 -0.73, 0.71 -0.85, 0.24 -0.04, 1.46 -0.22, 0.97
28 -0.54, 1.58 -0.74, 0.69 -0.86, 0.23 -0.24, 0.93 -0.36, 0.62
29 -0.55, 1.56 -0.74, 0.68 -0.07, 1.38 -0.26, 0.89 -0.38, 0.58
30 -0.55, 1.55 -0.75, 0.67 -0.08, 1.35 -0.27, 0.86 -0.40, 0.54
31 -0.56, 1.53 -0.87, 0.18 -0.10, 1.32 -0.29, 0.83 -0.51, 0.29
32 -0.75, 0.64 -0.88, 0.17 -0.12, 1.30 -0.43, 0.48 -0.53, 0.26
Table 3.1: Values of n  E and n+1  E in Ry for the two pseudostates on either side
of E. Values are listed for increasing N going down and increasing approximate value of
 going right.
within each column representing the initial . The true value of  is decreas-
ing slightly across these N until it becomes too low for the initially set value
of  and a larger  is selected. Note that it may become low enough to be
shown in a column with a lower value of initially set . This is seen on the
table when a trend seen in one column for low N moves to a column with a
lower initial value of  for higher N. Also, a value of  might be the closest
choice for two dierent initial  as seen for N = 22 with   0:7 and 0.8.
Some possible  between 0.4 and 0.8 are not displayed because there are notCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 39
enough columns of dierent initial . This is seen as a discontinuation in
the trends discussed above, as seen between N = 30,   0:5 and N = 32,
  0:4. However, by studying these trends it is easy to see that a possible
choice of  does exist for N = 31 at approximately   0:45. The pseu-
dostate basis can be constructed for these  and the position of pseudostates
near E compared to the data given on the table.
The next step is to determine the maximum N for which ill-conditioning
remains relatively low. Calculations were carried out for high N using values
of  that best satised the condition E  ((N)
n +
(N)
n+1)=2. The results of the
SDCS (2.29)
d
(SN)
i
d
(f) =
1
p
2f
kf
ki
jhfj
(N)
f ihkf
(N)
f jT
(N)
S j
(N)
i kiih
(N)
i jiij
2
at E
2 for scattering from the ground state are given in Table 3.2. The SDCS
at
E
2 is used for this comparison as it is the most dicult place to obtain
convergence. The SDCS in this table with  near 0.5 are stable to four
signicant gures from N = 28 to 30, but they begin to fall for higher N.
While the fall-o is small, it does suggest that some numerical instabilities
are beginning to have an impact, and it would be prudent not to include
these. The SDCS at E
2 is also included for N = 22 to demonstrate that
this value of N is sucient for convergence. Note that Table 3.1 shows an
alternate value of  for high N. These are included in Table 3.2 for N = 30,CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 40
31 and 32. However, these SDCS at E
2 are far from the stable SDCS seen for
lower values of N and . It is clear that the numerical instabilities in these
calculations are too large to include these bases.
N 0
d
(SN)
i
d (E/2) (a2
0=Ry)
22 0.6 0.01453
28 0.5 0.01457
29 0.5 0.01457
30 0.5 0.01457
31 0.45 0.01455
32 0.4 0.01437
30 0.8 0.01363
31 0.75 0.01220
32 0.7 0.01268
Table 3.2: SDCS at E
2 , where E = 3 Ry, for scattering from the ground states given
for increasing N. Results presented for all  which satisfy E  (
(N)
n + 
(N)
n+1)=2.
The largest possible basis for E = 3 Ry is therefore taken to be N = 30
with   0:5. Taking N = 22 with   0:6 as the lowest N, it seems logical
to use the value of N = 26 as the intermediate N. This N requires a value
of   0:5 as seen from Table 3.1. The next step involves performing full
scattering calculations for each of these three bases and observing the cross
section results as N goes from 22 to 30. This entire process is repeated for
each of the dierent E as required.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 41
3.2.3 Free-free V matrix
It was shown in Equation (2.15) that the VS matrix obtained using eigen-
states is non-existent for elastic free-free transitions, but the use of a square
integrable (L2) pseudostate basis yields V
(N)
S matrix elements that do ex-
ist. This is a crucial result which allows for the numerical solution of the
T
(N)
S matrix elements. If even one V
(N)
S matrix element was non-existent, no
T
(N)
S matrix elements could be calculated. This is due to the coupled nature
of the T
(N)
S matrix as seen in the Lippmann-Schwinger Equation (2.25)
hkf
(N)
f jT
(N)
S j
(N)
i kii = hkf
(N)
f jV
(N)
S j
(N)
i kii
+
N X
n=1
Z
dk
hkf
(N)
f jV
(N)
S j(N)
n kihk(N)
n jT
(N)
S j
(N)
i kii
E + i0   
(N)
n   k2=2
:
However, consider the relation between the calculated V
(N)
S matrix and the
true VS matrix
hkffjVSjikii = lim
N!1hkffjI
(N)
2 V
(N)
S I
(N)
2 jikii
= lim
N!1hfj
(N)
f ihkf
(N)
f jV
(N)
S j
(N)
i kiih
(N)
i jii; (3.1)
where f = 
(N)
f and i = 
(N)
i . As the basis size N is increased, the V
(N)
S ma-
trix will try to converge to the VS matrix. Since the elastic free-free VS matrix
elements are non-existent, it is clear that the elastic free-free V
(N)
S matrix el-
ements must be divergent as N ! 1. Hence, the non-existence problem of
elastic free-free V
(N)
S matrix elements has not been completely eliminated byCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 42
the use of L2 states, but relegated to examining convergence with N.
Figure 3.3 demonstrates the behaviour of these V
(N)
S matrix elements.
The gure shows the singlet discrete cross sections (in the Born approxima-
tion with T
(N)
S replaced by V
(N)
S )

(SN)
fi =
kf
ki
jhfj
(N)
f ihkf
(N)
f jV
(N)
S j
(N)
i kiih
(N)
i jiij
2: (3.2)
and the singlet singly dierential cross section
d
(SN)
i
d
(f) =
1
p
2f
kf
ki
jhfj
(N)
f ihkf
(N)
f jV
(N)
S j
(N)
i kiih
(N)
i jiij
2: (3.3)
These are the same as in Equations (2.28) and (2.29), but evaluated from
the V
(N)
S matrix as opposed to T
(N)
S matrix. The initial state has the energy

(N)
i = E
2 corresponding to two equal energy electrons incident on a proton.
Results are presented for four dierent total energies with the pseudostate
bases chosen as described in the previous section. For all four total energies
considered, the elastic cross section rises substantially with increasing N. For
the lowest total energy, E = 1 Ry, the magnitude is of the order of 105 a2
0=Ry.
Magnitudes this large make the solution of Equation (2.25) very dicult
due to the associated ill-conditioning, but are still possible. This behaviour
demonstrates why calculations cannot be performed for arbitrarily high N.
It has already been demonstrated numerically that the divergent nature of
some V
(N)
S matrix elements does not prevent convergence from being observed
in the T
(N)
S matrix for discrete scattering [13] and for ionisation [7] fromCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 43
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Figure 3.3: The S-wave model e-H singlet cross sections (2.28) and (2.29) generated
from V matrix elements of (2.25) for the case where the initial state has energy i = E
2 .
Results are given for total energies E = 1;3;5 and 7 Ry.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 44
the ground state. In these cases the divergent V
(N)
S matrix elements are
within the second term of Equation (2.25) inside the Close-Coupling term.
However, it has not yet been demonstrated that convergence with N would
occur for scattering from excited states in general. While convergence for
scattering from discrete states can be expected, this will still be tested for
completeness. The real test will consist of looking for convergence in the
elastic free-free T
(N)
S matrix elements. These have the divergent V
(N)
S matrix
elements as the rst term within Equation (2.25). This means that in order
for convergence to be observed within the T
(N)
S matrix, the Close-Coupling
term must consistently compensate for the divergent V
(N)
S matrix term as N
is increased. It will be attempted to show numerically that this does occur.
While a numerical result cannot prove conclusively that the convergence is
genuine, a theoretical proof is outside the scope of this thesis.
3.3 Results
The results for the electron-hydrogen scattering within S-wave model are
presented in this section. Results with total energies E = 1, 3, 5 and 7 Ry
are presented in detail. These energies are chosen to provide a systematic
analysis across the intermediate energy spectrum. Positive total energies are
chosen in order to allow discrete excitation as well as ionisation channels.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 45
For each total energy, calculations are presented for scattering on each of
four dierent initial states: the ground state, the rst and second excited
state and a state in the continuum where both incident electrons have the
same energy. Cross sections are presented for scattering to discrete states
[Eqn (2.28)] as well as to continuum states [Eqn (2.29)]. To demonstrate
convergence with N, three calculations with varying N are presented for
each of the total energies.
3.3.1 Singlet cross sections
The cross sections corresponding to S = 0 are presented rst, starting with
the results of total energy E = 1 Ry presented in Figure 3.4. Scattering to
discrete states here is typical of what happens at all total energies and in
both singlet and triplet cases. The elastic scattering cross section is the most
dominant. The ve discrete pseudostates with the lowest energies give a
good representation of the corresponding eigenstates for the given bases and
the cross sections corresponding to scattering to these states are well con-
verged. As the energy of the discrete pseudostates approaches the ionisation
threshold, the pseudostate representation of individual eigenstates becomes
poor with the few pseudostates instead representing scattering to the innite
number of true discrete eigenstates. That is why the calculated cross sectionCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 46
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Figure 3.4: The singlet e-H scattering cross sections in the S-wave model at the total
energy of 1 Ry. The lowest three discrete (1S, 2S and 3S) initial states and the i =0.5 Ry
state from the target continuum are presented. The CCC curve represents a step-function
estimate of CC(N) as N ! 1.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 47
appears to rise again as the energy approaches the ionisation threshold, in-
stead of decreasing. However, as basis size increases and the representation
of individual eigenstates improves, the trend is clearly in line with the n 3
scaling rule.
It should be noted that within this model problem the n 3 scaling rule
breaks down near the ionisation threshold as demonstrated by Shackleton [34],
however, the articial rise in the cross sections seen here makes it impossible
to see this feature.
Figure 3.4 also shows scattering to continuum states, given by the SDCS.
The step-function behaviour described in section 2.3.3 can be seen in the
SDCS. The estimate given by Equation (2.32) of the step-function as N ! 1
is provided for initial discrete states. In the case of free-free scattering, this
estimate is not valid. Elastic scattering will dominate, giving a peak in the
true SDCS at the energy of the incident electron and possibly a second peak
due to the symmetry about E
2 . Nevertheless, the argument of a greater energy
loss corresponding to a smaller cross section still applies. Within the energy
region 0 <  < E
2 , monotonical decrease would therefore be expected in
the true SDCS away from the peak in the SDCS with symmetry about E
2 .
However, not enough is known about the expected functional form of the
SDCS to enable a good estimate to be made.
The SDCS at E
2 is clearly converged for all initial discrete states. AsCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 48
the energy of the initial discrete state increases, the SDCS becomes steeper
close to the ionisation threshold and the value of the SDCS at E
2 can be
seen to decrease relative to the maximum value of the SDCS. This means
that the relative size of the discontinuity at E
2 decreases and likewise the
size of the oscillations in the SDCS decreases. This behaviour is seen for all
total energies. In the elastic free-free SDCS, the 26-state calculation yields a
result that is slightly lower than the 29 and 32-state calculations, but these
appear to be converged. This result is remarkable considering the nature of
the corresponding free-free V matrix shown in Figure 3.3. Elastic scattering
occurring at E
2 yields the highest cross section. This is despite the calculated
SDCS at E
2 being 1
4 of the true value. This suggests that the SDCS is very
narrowly peaked.
The singlet results for a total energy of 3 Ry are presented in Figure 3.5.
Scattering to discrete states is similar to that presented for the 1 Ry case.
Here also, the SDCS becomes steeper near the ionisation threshold as the
energy of the initial state increases. However, the SDCS becomes steeper
more rapidly for the E = 3 Ry case than for E = 1 Ry. The SDCS at E
2 also
decreases more rapidly relative to the maximum SDCS as the initial state
energy is increased. The SDCS at E
2 for scattering on the second excited state
is almost zero and hence the SDCS has almost no oscillation in the SDCS and
no estimate of the step-function is necessary. This clearly demonstrates howCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 49
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Figure 3.5: The singlet e-H scattering cross sections in the S-wave model at the total
energy of 3 Ry. The lowest three discrete (1S, 2S and 3S) initial states and the i =1.5 Ry
state from the target continuum are presented.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 50
the oscillations are a direct result of the discontinuity at E
2 . The magnitude
of the SDCS in general is also much lower than in the 1 Ry case. In the case
of free-free scattering, the calculated SDCS does not peak at E
2 . The true
SDCS, which is a factor of four times larger at this energy, will still dominate
as is expected for elastic scattering, however, this demonstrates that the peak
in the elastic free-free SDCS at E
2 will be signicantly broader for E = 3 Ry
than it was for the 1 Ry case.
The convergence of the free-free SDCS at
E
2 is once again not perfect
for all states included, but the 26 and 30 state calculations are very close,
suggesting convergence. In fact, the SDCS at E
2 decreases with N over the
range presented. This is despite the behaviour of the corresponding V matrix
element, which increases rapidly with N. The fact that the SDCS is defying
this trend further supports the assertion that the SDCS at E
2 is converging,
although divergence for higher N cannot be ruled out.
The singlet results at 5 and 7 Ry are given in Figures 3.6 and 3.7 respec-
tively. The results are mostly similar to those presented for the 1 and 3 Ry
cases. The relative SDCS at E
2 for the three initial discrete states continues
to decrease with total energy, resulting in smaller oscillations in the SDCS.
In both cases the calculated elastic free-free SDCS dominates the SDCS,
suggesting a very narrow peak at
E
2 . This means that there is something
interesting happening at E = 3 Ry. After the broadening of the peak in theCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 51
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Figure 3.6: The singlet e-H scattering cross sections in the S-wave model at the total
energy of 5 Ry. The lowest three discrete (1S, 2S and 3S) initial states and the i =2.5 Ry
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Figure 3.7: The singlet e-H scattering cross sections in the S-wave model at the total
energy of 7 Ry. The lowest three discrete (1S, 2S and 3S) initial states and the i =3.5 Ry
state from the target continuum are presented.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 53
free-free SDCS when E was increased from 1 to 3 Ry, further increases in E
show a consistent increase in the narrowness of the peak. Another interesting
result, however, is the increase in the free-free SDCS at E
2 as E is increased
from 3 Ry to 5 Ry, when the overall trend in the SDCS at E
2 is to decrease
with total energy.
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Figure 3.8: The singlet e-H SDCS in the S-wave model for elastic free-free transitions
with f = i = E
2 . The curve connects the indicated points at which calculations were
performed.
To study this behaviour further, calculations were performed at 1.5, 2,
2.25, 2.5, 3.5, 4 and 6 Ry total energies as needed. These are not presented
in detail as their behaviour is similar to that in cross section results already
presented. It should be noted, however, that the broadening of the peak
in the elastic free-free SDCS seen for E = 3 Ry was also present in all the
calculations with total energies near 3 Ry. The calculated convergent elasticCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 54
free-free SDCS at E
2 is presented in Figure 3.8 as a function of total energy.
Note that there exists a local minimum at 2.5 Ry and a local maximum at
4 Ry. The interpolation in the elastic free-free SDCS over the total energy
range appears to be good.
The corresponding TICS presented in Figure 3.9 is of a similar shape
to that of the elastic free-free SDCS. Here too there is a local minimum at
2.5 Ry, however, the local maximum is now at 6 Ry. The minimum in the
TICS is less deep and the relative variation in magnitude of the TICS over
the total energy range is smaller. It is likely that the broadening of the peak
in the elastic free-free SDCS for total energies near 2.5 Ry helps to deepen
the local minimum seen in the SDCS at E
2 .
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Figure 3.9: The singlet TICS is given over a range of total energies E = 1 to 7 Ry.
The stability in the elastic free-free SDCS over total energy and the factCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 55
the local minimum is observed at the same total energy in the TICS further
supports our assertion that genuine convergent structure is being calculated.
It also suggests that the minimum seen in both is unlikely to be simply an
artifact of the numerics in the calculations. Nevertheless, it remains possible
that apparent convergence is in fact slow divergence or bounded oscillation.
A possible explanation for the observed local minimum can be obtained
by considering the TICS in Figure 3.9. Starting at a high total energy and
by decreasing it, the TICS is seen to reach a maximum and then begin to
diminish. This same behaviour can be observed in the TICS for a discrete
initial state and so can be expected here. The reason for the TICS decreasing
as total energy is decreased is due to the very large eect of coupling, given by
the second term of the right hand side of Equation (2.25). The rst term, the
V
(N)
S matrix shown in Figure 3.3, is relatively small for large total energies
compared to the way it blows out for 1 Ry. This sharp rise in the rst term
for low E means that this rst term begins to dominate the cross section
over the coupling eect.
It is possible that a similar process is responsible for the broadening of
the peak in the SDCS at E = 2:5 Ry. For large E, elastic scattering is
expected to dominate and a narrow peak is expected in the free-free SDCS.
As total energy is decreased, the coupling eect starts to take over and elastic
scattering becomes less dominant, yielding a broader peak. The sharp riseCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 56
in the V
(N)
S matrix, which caused the TICS to rise dramatically, aects the
elastic free-free SDCS in the same way at the same total energy. This would
explain why the local minimum occurs for the same total energy in both
gures.
The V matrix elements presented in Figure 3.3 should behave in a similar
manner for all angular momenta. Therefore, the behaviour of the free-free
SDCS and the TICS observed for this S-wave model can also be expected for
the full electron-hydrogen scattering model.
3.3.2 Triplet cross sections
In the S-wave model triplet SDCS at E
2 is zero due to the Pauli principle. The
initial equal energy sharing state is also forbidden for the same reason. This
makes the triplet results somewhat less interesting than the singlet results.
They are presented nevertheless for completeness and to demonstrate that
they too are consistent with the theory that has been discussed. The triplet
cross sections are given in Figures 3.10, 3.11, 3.12 and 3.13 for energies 1, 3,
5 and 7 Ry respectively.
The cross sections corresponding to scattering to discrete states behave
the same way as for the singlet case and do not require further comment.
The SDCS is zero at E
2 for all cases as expected. This means there is noCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 57
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Figure 3.10: The triplet e-H scattering cross sections in the S-wave model at the total
energy of 1 Ry. The lowest three discrete (1S, 2S and 3S) initial states are presented. No
result is given for scattering from the i =0.5 Ry state as these cross sections must be zero
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Figure 3.11: The triplet e-H scattering cross sections in the S-wave model at the total
energy of 3 Ry. The lowest three discrete (1S, 2S and 3S) initial states are presented.CHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 59
~
&
￿
￿
￿
A
￿
~
&
￿
￿
￿
C
￿
~
&
￿
￿
￿
C
￿
~
&
￿
￿
￿
(
￿
~
&
￿
￿
￿
(
￿
~
&
￿
￿
￿
A
￿
~
&
￿
￿
￿
C
￿
~
&
￿
￿
￿
C
￿
~
&
￿
￿
￿
(
￿
~
&
￿
￿
￿
(
￿
~
&
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Q
￿
￿
￿
￿
￿
￿
￿
T
￿
￿
W
￿
￿
￿
~
￿
￿
￿
￿
[
~
￿
￿
￿
￿
￿
￿
~
~
&
￿
￿
￿
C
￿
~
&
￿
￿
￿
C
￿
~
&
￿
￿
￿
(
￿
~
&
￿
￿
￿
(
￿
~
&
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
¡
￿
¢
￿
£
￿
￿
￿
⁄
[
~
￿
~
￿
¥
￿
ƒ
￿
i
￿
k
~
¤
§
￿
i
￿
k
~
1
￿
￿
i
￿
￿
￿
§
￿
i
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
¡
￿
¢
￿
£
￿
￿
￿
⁄
￿
§
￿
¥
￿
ƒ
￿
i
￿
k
~
1
￿
￿
i
￿
￿
￿
￿
i
￿
￿
￿
'
￿
i
￿
￿
￿
￿
i
￿
￿
￿
￿
i
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
¡
￿
¢
￿
£
￿
~
￿
⁄
￿
￿
￿
 
¥
￿
ƒ
“
￿
«
#
“
￿
‹
&
›
(
ﬁ
*
ﬂ
,
￿
-
«
#
–
￿
†
1
‡
3
·
(
￿
￿
¶
3
ﬁ
-
•
￿
￿
￿
￿
￿
8
‚
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
W
￿
„
”
»
￿
￿
i
￿
￿
￿
￿
i
￿
￿
i
~
￿
i
￿
￿
￿
￿
§
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
~
￿
￿
￿
￿
i
￿
￿
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discontinuity at E
2 and therefore no oscillations are seen in the SDCS. How-
ever, the step-function behaviour given by Equation (2.31) still holds true,
as can be seen by the zero SDCS for  > E
2 . The good convergence seen in
the triplet results is an indication of a stable and accurate numerical result.
It is impossible to compare the rate of decrease in the SDCS at E
2 be-
tween the two spin cases as E and the energy of the initial state is increased.
However, the steepness in the SDCS near the ionisation threshold increases
with initial state energy and total energy as seen for the singlet case. Also,
the SDCS monotonically decreases with total energy as seen for the corre-
sponding singlet case.
3.4 Conclusion
The S-wave model of e-H scattering has been considered over a broad range
of energies above ionisation threshold. Discrete and ionisation cross sections
were presented for scattering from a number of initial states of hydrogen,
including one in the continuum. To demonstrate convergence with basis size
N, three dierent sets of basis are included for each total energy. There
is apparent convergence for the considered free-free transitions. Larger cal-
culations would always be desirable, but are unfeasible. The problem with
calculations containing a basis size that is too large, is the size of the elasticCHAPTER 3. e -H COLLISIONS IN THE S-WAVE MODEL 62
free-free V matrix elements. These were shown to have very large magni-
tudes, particularly at small energies, and continue to grow rapidly as basis
size is increased. They impact on the numerical stability of all cross sections
due to the coupled nature of the Lippmann-Schwinger Equation (2.25).
Elastic scattering from the continuum state was of particular interest due
to the divergent nature of the underlying free-free potential matrix elements.
These have been a major stumbling block of the Close-Coupling theory, yet
the present study shows likely convergence in the corresponding cross sections
over a broad energy range. This demonstrates the utility of a Laguerre basis
representing both discrete and continuum functions and allowing all integrals
to exist.
An unexpected structure has been discovered in both the elastic free-free
cross section and in the total ionisation cross section as a function of energy,
when the initial state is set to half the total energy. The structure appears in
both at the same energy. It is explained by reference to the free-free potential
matrix elements, hence it is likely it will occur in full electron-atom scattering
problems also.Chapter 4
Electron-helium collisions in
the S-wave model
4.1 Introduction
The electron-helium scattering experiment is simpler to carry out than the
electron-hydrogen scattering experiment due to atomic helium being easier
to deliver to the scattering centre than atomic hydrogen. However, when it
comes to theoretical modelling, the electron-helium system is more dicult
to solve numerically due to the extra electron involved. It is a four-body
problem as opposed to a three-body problem, requiring additional theory to
deal with the extra electron. It may also require additional approximations,
as well as computational resources due to the extra variables involved.
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The CCC method, as presented for the electron-hydrogen system, can be
adapted to solve this scattering problem. It has been demonstrated by Fursa
and Bray [6, 35] that good agreement with the experiment for scattering
from the ground state may be obtained with the CCC method. However,
the Frozen-Core approximation was applied in this adaptation, an approxi-
mation that freezes one of the electrons in the ground state of the He+ ion.
This eectively reduces the scattering system to a three-body problem: two
electrons and the He+ ion frozen in the ground state. This approximation is
based on the assumption that double-excitation eects are small and may be
neglected when considering the dominant one-electron transitions from the
ground state.
This chapter expands on the rst application of the CCC method to
electron-helium scattering in the S-wave model by Plottke et al. [4]. Discrete
excitation and ionisation cross sections across a broad energy spectrum for
scattering from the rst few discrete states of helium were studied. The
primary goal of the work was to provide accurate cross section data within
the e -He S-wave model and to investigate the spin dependence of the singly
dierential cross section (SDCS) for equal-energy sharing ionisation.
This work is followed by an investigation into relaxing the Frozen-Core
approximation, while staying within the S-wave model. The problems as-
sociated with partially and fully relaxing the Frozen-Core approximationCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 65
are discussed, as well as additional theory and numerical implementation.
Scattering cross sections obtained with the Frozen-Core approximation are
compared to those with a partially relaxed core, and a convergence study is
conducted into double-excitation cross sections.
4.2 Theory of the e -He S-wave model
The CCC theory for the electron-helium S-wave model is similar to that
for the electron-hydrogen S-wave model, which has been discussed in sec-
tion 2.3. The adaptations discussed in this chapter are based on the full
angular treatment developed by Fursa and Bray [6], but with orbital angular
momentum considerations removed and vector coordinates set to scalars, as
per the S-wave model (see Section 2.2). Atomic units are used throughout.
The non-relativistic Hamiltonian for the helium atom in the S-wave model
is given by
H(r1;r2) =  
1
2
@2
@r2
1
 
1
2
@2
@r2
2
 
2
r1
 
2
r2
+
1
max(r1;r2)
: (4.1)
The rst step in generating the pseudostate basis to represent the helium
target involves generating a basis of N one-electron functions '(N)
 (x). These
one-electron functions represent the states of the He+ ion and are given by
'
(N)
 (x) =
1
r

(N)
 (r)(); (4.2)CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 66
where
 x denotes coordinate and spin space,
 (N)
 (r) are the radial functions obtained from a Laguerre basis,
 () are the spin functions with spin .
These one-electron functions are combined into the two-electron functions
j'(x1)'(x2) : si =
1
r1r2

(N)
 (r1)
(N)
 (r2)X(s); (4.3)
where
X(s) =
X
12
C
12
1
2
1
2s (1)(2); (4.4)
with C
12
1
2
1
2s being a Clebsch-Gordan coecient.
The helium pseudostates j(N)
n i are now constructed from a basis of these
two-electron functions using
j
(N)
n i =
X
;
C
(n)
 j'
(N)
 (x1)'
(N)
 (x2) : sni; (4.5)
where n = 1;:::;Ntot with corresponding spin sn for each n. The cong-
uration interaction (CI) coecients C
(n)
 are obtained by diagonalising the
Hamiltonian for the helium target
h
(N)
n jHj
(N)
m i = 
(N)
n nm: (4.6)
Antisymmetry in j(N)
n i is ensured by forcing the CI coecients to satisfy
the symmetry property
C
(n)
 = ( 1)
snC
(n)
 : (4.7)CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 67
Ntot denotes the number of j(N)
n i that can be constructed in this way. This
will primarily depend on the size N of the Laguerre basis used to generate
the (N)
 (r), but also on any restrictions placed on  or . The exponential
fall-o of the Laguerre basis can be adjusted to ensure that one pseudostate
has some predetermined energy, as is the case for a hydrogen target. Most
of the pseudostates come in pairs of sn = 0 and sn = 1 with similar energy,
but not equal. Therefore it is only possible to set one, but not both, of
these pseudostates to the predetermined energy. There are also some singlet
states, which have no corresponding triplet state due to antisymmetry. One
example of this is the ground state of helium.
The Lippmann-Schwinger Equation for helium
hkf
(N)
f jT
(N)
S j
(N)
i kii = hkf
(N)
f jV
(N)
S j
(N)
i kii
+
N X
n=1
Z
dk
hkf
(N)
f jV
(N)
S j(N)
n kihk(N)
n jT
(N)
S j
(N)
i kii
E + i0   
(N)
n   k2
2
(4.8)
is similar to that for hydrogen [see Eqn (2.25)].
4.3 The Frozen-Core approximation
4.3.1 Theory
In the case of e -He scattering, there are no double-excited states below the
ionisation threshold. It has also been demonstrated experimentally that theCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 68
probability of double-excitation is small compared to one-electron excitation
[36]. This justies the use of the Frozen-Core approximation, which simplies
the modelling problem by freezing one of the electrons to the 1s He+ orbital.
This is done by restricting  and  in Equation (4.5) such that  = 1 or
 = 1. A basis of N one-electron functions '(x) then yields N singlet and
N   1 triplet pseudostates j(N)
n i, Ntot = 2N   1.
It should be noted that total energy E and pseudostate energies (N)
n in
the Frozen-Core approximation are given relative to the ionisation threshold.
That is, the 1s He+ orbital energy has not been included.
Cross section
Calculating cross sections within the helium Frozen-Core model is similar to
what is done for hydrogen [see Eqn (2.27)]. For transitions between discrete
states
f
(SN)
fi = hkf
(N)
f jT
(N)
S j
(N)
i kii: (4.9)
In the case of scattering from discrete states with ionisation
f
(SN)
sfi (kf;qf) = hq
( )
f j
(N)
f ihkf
(N)
f jTSj
(N)
i kii; (4.10)
where hq
( )
f j is a true two-electron continuum eigenstate of the helium Hamil-
tonian with spin sf, energy
q2
f
2 = 
(N)
f and one electron frozen in the 1s orbital
of He+.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 69
The partial spin-weighted cross section for discrete excitation is written
as

(SN)
fi =
2S + 1
2(2si + 1)
(2)4
4
kf
ki
jf
(SN)
fi j
2 (4.11)
and the singly dierential cross section (SDCS) is given by
d(sfSN)
de
(
(N)
f ) =
2S + 1
2(2si + 1)
(2)4
4
kf
qfki
jf
(SN)
sfi (kf;qf)j
2: (4.12)
The total ionisation cross section is then simply

(SN)
I =
X
sf=0;1
E Z
0
de
d(sfSN)
de
(e): (4.13)
It should be noted that within the Frozen-Core approximation, ionisation
will always result in the remaining bound electron being xed in the ground
state.
Step-function behaviour
The step-function behaviour discussed in 2.3.3 and identied for hydro-
gen [32] also holds for helium. For example, f
(SN)
sfi (kf;qf)  0 for kf < qf,
which corresponds to 
(N)
f > E
2 , when the basis size N is suciently large.
Hence an integration over e from 0 to E
2 would be a good approximation of
the integration in Equation (4.13).CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 70
Also, the relationship with the true SDCS still holds (2.31)
lim
N!1
d
(SN)
i
d
() =
8
> > > > > > > > <
> > > > > > > > :
d
(S)
i
d() if  < E
2
1
4
d
(S)
i
d() if  = E
2
0 if  > E
2
The combination of the CCC-calculated scattering amplitudes f(N)
s (k;q) in
forming the required ionisation amplitudes F (N)
s (k;q) is discussed by Bray
et al. [2]. Note that i;f and S have been dropped from this notation for
brevity. By applying the ideas of Stelbovics [19] to helium, it was shown
that [2]
F
(N)
s (~ k;~ q) = f
(N)
s (~ k;~ q)  
1
2
( 1)
sf
(N)
s (~ q;~ k)
 
p
3
2
f
(N)
 s (~ q;~ k); for S =
1
2
; (4.14)
when k = q and s 6=  s. For suciently large N it was found that
f
(N)
s (~ k;~ q)   
1
2
( 1)
sf
(N)
s (~ q;~ k)  
p
3
2
f
(N)
 s (~ q;~ k); for S =
1
2
; (4.15)
thereby implying that for k = q
F
(N)
s (~ k;~ q)  2f
(N)
s (~ k;~ q): (4.16)
It follows from Equation (4.15) that in the S-wave model we should expect
that
f
(N)
s=0(k;k)   
1
p
3
f
(N)
s=1(k;k); for S =
1
2
: (4.17)CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 71
The triplet SDCS at kf = qf should therefore be three times bigger than
the singlet SDCS, for the case of S = 1
2. This relationship is independent of
total energy E. In contrast, there is no relationship between exciting singlet
and triplet states for the general case. Increasing the incident energy leads
to a lower probability of exchange. Therefore, for scattering from an initial
singlet state, the probability of excitation to a triplet state will decrease with
energy more rapidly than the probability of excitation to a singlet state. The
behaviour predicted in Equation (4.17) is remarkable and is expected to occur
for all E, but only in the case of equal-energy sharing ionisation.
In the case of S = 3
2, only transitions between triplet states are allowed.
For the equal-energy sharing case of k = q, we have
F
(N)
s=1(~ q;~ k) = f
(N)
s=1(~ q;~ k)   f
(N)
s=1(~ k;~ q); for S =
3
2
(4.18)
due to antisymmetry. In practice, we nd numerically that
f
(N)
s=1(~ q;~ k)   f
(N)
s=1(~ k;~ q); (4.19)
and so Equation (4.16) holds also for the S = 3
2 case. In the S-wave model,
this implies that
f
(N)
s=1(k;k)  0; for S =
3
2
: (4.20)
The relations in Equations (4.17) and (4.20) are not enforced explicitly,
but following the numerical solution of the T
(N)
S matrix, can be veried toCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 72
hold approximately. The relations are a result of the antisymmetry of the to-
tal wavefunction, the equivalence of electrons and the coupling of the target
spin. Note that they were derived without applying the Frozen-Core approx-
imation. The use of the Frozen-Core approximation results in the electrons
not being treated in an equivalent manner, hence we cannot expect relations
such as Equation (4.17) to be satised exactly. Therefore, testing for this
condition in results obtained using the Frozen-Core approximation will not
only test the numerical accuracy of the CCC method, but also that of the
Frozen-Core approximation.
4.3.2 Numerical considerations
The choice of pseudostate basis and total energy for this investigation requires
that a pseudostate exist such that E
2 = (N)
n for each calculation. This is
necessary to calculate the SDCS at this energy, where convergence with N
can be expected. There are two ways of achieving this. One is to vary the
exponential fall-o of the Laguerre basis used to generate the pseudostate
basis; the other is to use a single pseudostate basis and to take total energy
such that it satises E = 2(N)
n for one n at a time.
The advantage of varying the exponential fall-o of the Laguerre basis
is that it allows an accurate convergence study of the cross section at aCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 73
particular total energy as the basis size N is increased, including a comparison
of the sf = 0 and sf = 1 pseudostate cross section at the same total energy.
Also, it is possible to ensure that E  ((N)
n + 
(N)
n+1)=2 is satised for one n,
which tends to make the calculation more numerically stable [24]. Since this
study will include an analysis of the cross section as a function of E, this
process would have to be repeated many times over a large range of E. This
is a time consuming process, as convergence has to be observed individually
for each E before the cross section for that total energy is known. This is
because a dierent pseudostate basis is applied at each E. Despite this, the
observed convergence might not be perfect and so this method is prone to
small errors between calculations at dierent E.
The advantage of using a single pseudostate basis across all E is that it is
a simpler process and is less likely to produce articial structure in the cross
section as a function of E. A convergence study is still possible by repeating
the process for a larger pseudostate basis. Since convergence in the e -He
scattering model has already been established, it is also possible to be guided
by the overall stability of the calculations for the many dierent E, as another
sign of convergence in the cross sections. This approach is limited in the num-
ber of E that can be used, because there is a nite number of pseudostates
in the continuum. However, a larger pseudostate basis and a larger Laguerre
basis exponential fall-o will produce more pseudostates in the continuum,CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 74
increasing the number of possible E. Also, it is not possible to compare the
sf = 0 and the sf = 1 cross sections at E
2 for the same E by directly look-
ing at the calculations. Although the pseudostates appear in pairs of singlet
and triplet states with similar energy, there are no pseudostates with equal
energy. However, if the calculations are done for a sucient number of E
it should be easy to interpolate between the E and thus do the comparison.
Finally, it is not possible to ensure that E  ((N)
n + 
(N)
n+1)=2 for one n as
the underlying energy-integration quadrature rule requires [24]. Hence, some
pseudoresonance behaviour can be expected, which will hopefully be small
given a pseudostate basis that is suciently large.
The second approach was found to be more ecient and produced results
that were more stable. The pseudostate basis found to produce convergent
scattering cross sections used N = 30, which produced 30 singlet and 29
triplet pseudostates. This also produced a good coverage of the continuum
energy spectrum. The distribution of these pseudostates is given in Figure
4.1 for states above the ionisation threshold and Figure 4.2 for states below
the ionisation threshold.
The momentum space representation was determined in the same way as
for the electron-hydrogen case, see Section 3.2.1. In general, it was found
that the k-grid for the e -He system needed to have accurate momentum
space representation for a larger range of the momentum space than for theCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 75
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Figure 4.1: Energy distribution of Frozen-Core pseudostates of helium above the ioni-
sation threshold, N = 30.
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Figure 4.2: Energy distribution of Frozen-Core pseudostates of helium below the ioni-
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e -H system. The inner region went to 1.2, while the outer region extended
to 15.
4.3.3 Results
In this section, gures containing the SDCS [Eqn (4.12)] at E
2 for both sf,
as well as the TICS [Eqn (4.13)] and discrete transitions [Eqn (4.11)] are
presented. These are given over a range of total energies E for scattering
from the 11S, 21S and 23S initial states. In the gures presented, the points
appear in pairs of similar E. This is because every triplet pseudostate has
a corresponding singlet pseudostate of a similar energy and vice versa, with
the exception of the ground state. The incident energies are chosen such
that E = 2(N)
n , hence the spacing between pairs of points in the gures
corresponds to double the energy dierence between pairs of singlet and
triplet states.
In Figure 4.3, the cross sections for scattering from the ground state are
presented and hence the total spin is S = 1
2. The top panel of the gure
shows the elastic cross section. Elastic scattering is clearly the dominant
transition. The cross section is at least two orders of magnitude greater than
the other cross sections. All of the points lie on a smooth curve indicating
excellent convergence with respect to the basis size.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 77
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Figure 4.3: S-wave model e -He excitation and ionisation cross sections from the ground
state. Cross sections given as a function of the total energy relative to the ionisation
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The panel below contains the excitation cross section to the 21S and 23S
states. The singlet cross section is much larger for small E and falls o more
rapidly as total energy increases, but no other relation between the pairs of
cross section results is visible. The same behaviour is seen for the excitation
cross section to the 31S and 33S states in the middle panel. Once again, good
convergence is seen in both panels.
The TICS is given in the second panel from the bottom. The cross section
peaks at around 30 eV. Here too, good convergence is seen, with the exception
of a single point.
The bottom panel shows the singlet and triplet SDCS at E
2 . Note that
the SDCS presented has been multiplied by a factor of four in line with the
step-function behaviour [Eqn (2.31)]. The singlet SDCS is further multiplied
by a factor of three to make the comparison with the triplet SDCS easier.
The solid and open circles are from calculations where E = 2
(N)
f for sf = 0
and sf = 1 respectively. The relation in Equation (4.17) is satised ap-
proximately, though, as expected, not exactly. This indicates that the CCC
implementation of e-He excitation and ionisation is reasonably accurate.
The results for scattering from the 21S state are presented in Figure 4.4.
Once again, the total spin is S = 1
2 for all transitions. The top panel shows
the elastic cross section, dominates the other cross sections within the gure.
Convergence in the cross section is good. An interesting feature is a deepCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 79
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Figure 4.4: S-wave model e -He excitation and ionisation cross sections from the 21S
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minimum at around 4 eV above the ionisation threshold. The origin of
this feature probably has similarities to the Ramsauer-Townsend minima.
However, this is a model problem and the absence of p-states is the likely
cause of the large r potential. Since these minima are unlikely to be present
in the full-angular treatment of e -He scattering, these minima will not be
studied further.
In the panel below, the excitation of the 23S state also features a mini-
mum, this time at around 2.5 eV above the ionisation threshold. Being an
exchange transition, the cross section begins to fall o rapidly for higher total
energies.
The excitation cross section of the 31S and 33S states in the next panel
shows good convergence. The rapid fall in the cross section for the exchange
transition is seen here also. However, the singlet cross section is smaller than
the triplet cross section for all discernible energies. This is in contrast to
what was seen for scattering from the ground state.
The TICS in the next panel has the same shape as seen for excitation
from the ground state and convergence is reasonable. The peak in the TICS
however is at a much lower energy of 5 eV.
The SDCS is again presented in the bottom panel with a factor of four
due to the step at
E
2 and an additional factor of three for the singlet for
ease of comparison, as was done for Figure 4.3. The triplet cross sectionCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 81
appears slightly less than a factor of three higher than the singlet cross sec-
tion, however some deviation can be expected from Equation (4.17) within
this Frozen-Core approximation. Both SDCS also contain instabilities near
threshold, but convergence appears reasonable otherwise.
The results for excitation from the 23S state are given in Figure 4.5.
Results with total spins of S = 1
2 and 3
2 are included in the gure, with
the spin weights already included. The two spin-components of the elastic
cross section shown in the top panel have very little in common. The S =
1
2
component rises gently to a maximum at about 5 eV and then falls o with
increasing energy. The S = 3
2 drops to zero at about 3.5 eV and rises to a
maximum at about 25 eV as energy increases, the shape is similar to elastic
scattering from the 21S state. The spin weights in Equation (4.11) indicate
that the S = 3
2 cross section should be a factor of two higher than the S = 1
2
cross section. This is indeed seen to occur at high total energies, where
electron exchange becomes negligible. Convergence appears to be good.
Below the elastic scattering results is the cross section for exciting the
31S state. Only the S = 1
2 nal spin is possible for this transition. The cross
section falls rapidly to a minimum at around 6 eV, rises slightly to a local
maximum at approximately 20 eV and then rapidly falls o to zero.
In the next panel, the results for excitation to the 33S state, for both
total spins are presented. There are no minima in the results and perhapsCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 82
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Figure 4.5: S-wave model e -He excitation and ionisation cross sections from the 23S
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a very small maximum near 3 eV in the S = 3
2 spin-component of the cross
section. The S = 1
2 spin-component starts bigger and initially falls o more
rapidly. However, the behaviour of the S = 3
2 spin-component being a factor
of two greater than the S = 1
2 spin-component for higher total energies, as
seen in the top panel, is observed here also. Interestingly, the elastic cross
section for total energies near threshold is smaller than the cross section
results presented in this panel for both cases of total spin. This is in contrast
to the dominance of the elastic cross section for scattering from the 11S and
21S states.
The TICS is given in the second panel from the bottom. The lack of any
relation between the S = 1
2 and 3
2 components for low E is, in part, due to the
S =
3
2 component not having any contributions from the excitation of singlet
states. Both components show the characteristic maximum several eV after
threshold before slowly decreasing with increasing energy. It is interesting
to note here that the S = 1
2 component has a maximum at the same total
energy as the TICS for excitation from the 21S state. However, the TICS for
excitation from the 23S is about three factors smaller. This shows a singlet
state is more likely to become ionised within this model for low E. For large
E the two spin-components appear to be equal.
Finally, in the bottom panel, the SDCS at
E
2 is presented. As expected
from Equation (4.20), the S = 3
2 component is zero. Except for a deviationCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 84
near the region of 2 eV, the singlet SDCS is clearly a factor of 3 times bigger
than the triplet SDCS. For all initial states the deviation from this behaviour
occurs consistently at the peak in the equal energy-sharing SDCS, with the
singlet SDCS being consistently higher, after applying the factor of 3. This
is likely to be an artifact of the Frozen-Core approximation.
4.3.4 Conclusions
The Frozen-Core S-wave model has been studied for a broad range of total
energies above the ionisation threshold for initial target states 11S, 21S and
23S. The results of the cross sections for a helium target appear to be far
richer than for a corresponding hydrogen target [13]. The calculated results
for discrete transitions and the TICS appear to be accurate. The points t a
smooth line and show little sign of instability. The SDCS results contain some
instability near their maxima, however these instabilities are small and the
smooth line that can be expected for the SDCS is easy to obtain graphically.
In all of the cross sections corresponding to discrete transitions, there is
clearly no relation between excitation of corresponding singlet and triplet
states with respect to total energy E. However, the SDCS at E
2 obeys Equa-
tion (4.17) approximately, with the excitation of a triplet state being approx-
imately three times more likely than a singlet state for all E and for eachCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 85
initial state considered. This is a truly remarkable result as normally the
excitation of singlet and triplet states is expected to be entirely independent.
These results are also the rst test of the ability of the Frozen-Core ap-
proximation to model scattering from excited states. It has been demon-
strated that the approximation yields numerically stable results for these
initial states, indicating that the one-electron excitation processes were mod-
elled accurately. However, the Frozen-Core approximation has not yet been
experimentally tested for scattering from excited states of helium. The alter-
native way of testing the approximation, is to see the impact that partially
relaxing the Frozen-Core approximation has on the results presented in this
section.
4.4 Relaxing the Frozen-Core approximation
4.4.1 Introduction
The Frozen-Core approximation has been useful for the purpose of calculat-
ing cross sections corresponding to transitions involving one-electron excita-
tion. It is a good approximation, because the cross sections corresponding
to other transitions are small. This has been veried experimentally for
scattering from the ground state [36]. However, it would be useful to testCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 86
the accuracy of this approximation by doing calculations which allow the
inner electron, formerly frozen in the 1s orbital of He+, to be excited. This
is especially important for scattering from excited states. In this case the
Frozen-Core approximation has not yet been veried experimentally. Also,
apart from investigating the impact on the cross sections already covered by
the Frozen-Core approximations, the relaxation of the Frozen-Core will also
allow the calculation of the cross sections for transitions involving doubly
excited states.
For example, to calculate the cross section for ionisation with the He+ ion
left in a 3s excited state, a basis of target states based on 1s, 2s and 3s cores
is required in the calculation, otherwise it is not possible to construct the
nal state. Once again, however, this is a minimum only and convergence
with an increasing number of cores needs to be studied also.
The Frozen-Core approximation is obtained using the restriction  = 1
or  = 1 in Equation (4.5)
j
(N)
n i =
X
;
C
(n)
 j'
(N)
 (x1)'
(N)
 (x2) : sni:
Therefore, the process of relaxing the Frozen-Core approximation involves
the relaxation of this restriction to
  nc or   nc (4.21)
where nc is the number of cores we wish to include.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 87
4.4.2 Impact of relaxing the Frozen-Core
To understand how nc impacts on the size of the pseudostate basis Ntot,
it is necessary to consider the number of possible C
(n)
 . This is equal to the
number of combinations of  and  in Equation (4.5), which satisfy Equation
(4.21). There are 2ncN   n2
c such combinations, however, Equation (4.7)
C
(n)
 = ( 1)
snC
(n)

also needs to be satised. For the case when  = , this restriction simply
means that C
(n)
 = 0 for triplet states, thereby eliminating nc of the terms.
There are 2ncN   n2
c   nc terms within the sum in Equation (4.5) such
that  6= . These can be paired up as
C
(n)

h
j'
(N)
 (x1)'
(N)
 (x2) : sni + ( 1)
snj'
(N)
 (x1)'
(N)
 (x2) : sni
i
:
This results in ncN nc(nc+1)=2 pairs of terms. The number of pseudostates
j(N)
n i generated depends on the number of independent terms. This means
that ncN   nc(nc + 1)=2 triplet pseudostates are generated. For the singlet
case, there exist an additional nc terms where  = , hence ncN   nc(nc +
1)=2 + nc singlet pseudostates are generated. Overall, for a given N and nc,
there will be Ntot = 2ncN   n2
c pseudostates.
Figure 4.6 demonstrates the energy distribution of the states as nc is
increased from 1 to 10, with N = 10. Only singlet states in the continuum areCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 88
shown in the gure. The energy distribution of triplet states is similar to that
of singlet states. It is important to note that the high density of pseudostates
at energies corresponding to auto-ionising states comes naturally as a result
of the method used to generate the basis. The high density of states at these
energies should allow the accurate modelling of resonances at these energies.
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Figure 4.6: Energy distribution of singlet states above the ionisation threshold, with
N = 10 and nc = 1;2;3;10.
Graphically, the representation of states below the double-excitation thresh-
old changes very little with nc. This is due to the fact that higher nc only add
pseudostates at energies suciently high to allow formation of states based
on the ncs core, hence only states based on the 1s core can form at energies
below the double-excitation threshold. This behaviour is demonstrated by
the rst few pseudostates in the continuum which are seen to be independent
of nc, but it occurs also for states below the ionisation threshold.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 89
ncn state 11S (eV) 21S (eV) 23S (eV)
1 -78.160 -58.327 -59.166
2 -78.220 -58.337 -59.166
3 -78.232 -58.337 -59.166
10 -78.329 -58.347 -59.166
Table 4.1: This table shows the energies 
(N)
n in eV of the rst three discrete pseudostates
of helium as nc is increased from 1 to N, which is set to 10.
The energies of the lowest three pseudostates are given in Table 4.1.
They are given in table form, because the change with nc is dicult to
see graphically for states below the double-excitation threshold. The true
value for the energy of the helium ground state is  79:004 eV. The energy
of the ground state obtained using the Frozen-Core approximation is o
by 0.844 eV. As nc is increased to N, representing a full relaxation of the
Frozen-Core approximation, the error in the ground state energy is reduced
to 0.675 eV. The remaining error would be eliminated if l > 0 core orbitals
were also included. The energy of the 21S state changes only by 0.02 eV,
while the change in the energy of the 23S state is negligible. Therefore it can
be seen that the main impact of increasing nc here is to improve slightly the
energy representation of the ground state.
The rapid increase in Ntot as nc is increased causes a signicant increase
in the computer resources that are required to perform the scattering cal-CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 90
culation. For example, when nc is increased from nc = 1 to nc = 2, the
number of pseudostates j(N)
n i increases to include states based on the 2s
core. Given the same value of N, the number of pseudostates almost doubles
from Ntot = 2N   1 to Ntot = 4N   4. Adding the second core increases the
computation time considerably. The amount of extra time depends on N,
however, on average, it takes approximately an order of magnitude longer
to perform the e -He scattering calculation. The bulk of the CPU time is
used to calculate the V matrix, which becomes not only larger, but also more
complicated due to the additional cores included. The eect is even more
drastic when nc is increased further.
There is also an additional degree of freedom in terms of the inner elec-
tron being in any one of the dierent cores, energy permitting. However,
the j(N)
n i are constructed as a sum of two-electron functions based on the
dierent cores and retain only energy dependence. This creates a number
of diculties, most importantly in terms of determining what portion of the
calculated cross section belongs to which core. The process of constructing
the pseudostates already gives the contribution of each core within the pseu-
dostate. This is discussed for a variety of target atoms by Fursa and Bray
[35]. In this case, j(N)
n i can be written as
j
(N)
n i =
nc X

=1
j
(N)
n
 i; (4.22)CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 91
where j(N)
n
 i are two electron functions based on the 
s core, given by
j
(N)
n
 i =
N X
=

1
1 + 

C
(n)


h
j'
(N)

 (x1)'
(N)
 (x2) : sni
+( 1)
snj'
(N)
 (x1)'
(N)

 (x2) : sni
i
; (4.23)
using Equation (4.5). The overlap h(N)
n
 j(N)
n
 i is a useful measure of how
strongly the pseudostate j(N)
n i is based on the 
s core
B
2
n
 = h
(N)
n
 j
(N)
n
 i
=
N X
=

2
1 + 


C
(n)


2
: (4.24)
The sum
Pnc

=1 B2
n
 is equal to 1 due to the normalisation of j(N)
n i. Fur-
ther, Bn
 are real, because C(n)

 are real also. This information is useful in
determining which core each state is based on and how strongly each state
is mixed. However, this information does not help in obtaining the cross
section for the individual components.
A new method is also needed for calculating the overlap of the pseu-
dostates j(N)
n i in the continuum with the true continuum states of the same
energy. These overlaps are necessary to calculate the scattering amplitudes
[see Eqn (4.10)] for transitions involving ionisation. These will be a sum of
contributions from each of the nc cores and contribution coecients will pro-
vide information on the relative probability of ionisation with the remaining
He+ core left in each of the dierent cores.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 92
4.4.3 Continuum function overlaps
Recapitulating Equation (4.10), the scattering amplitudes for transitions in-
volving ionisation are of the form
f
(SN)
sfi (kf;qf) = hq
( )
f j
(N)
f ihkf
(N)
f jTSj
(N)
i kii;
with hq
( )
f j
(N)
f i being the continuum function overlaps. When the Frozen-
Core approximation is partially or fully relaxed, the pseudostates j
(N)
f i be-
come a mixture of states based on the dierent cores. The continuum func-
tion hq
( )
f j, corresponding to the pseudostate with energy 
(N)
f , is calculated
as a sum of contributions from the true continuum functions based on the
dierent cores
hq
( )
f j =
nc X

=1
Af
h
(sf )

 (
(N)
f )j; (4.25)
where Af
 is the contribution from each core and h
(sf )

 (
(N)
f )j are the true
continuum functions
h
(sf )

 (
(N)
f )j = hk
( )

 '
(N)

 j +
nc X
=1
X Z
dk
hk( )

 '(N)

 jsfj'(N)
 k(+)ihk(+)'(N)
 j

(N)
f + i0   e
(N)
   ek
;
(4.26)
where
 
 signies the nal state of the He+ ion,
 sf is the e -He+ T matrix,
 '(N)
 are pseudostates of He+ given in Equation (4.2) with energy e(N)
 ,
 the state hk( )

 j is a coulomb wave with energy k2

=2 = 
(N)
f   e(N)
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The process of forming the overlaps h(sm )

 ((N)
m )j(N)
n i requires a single
e -He structure calculation to generate the pseudostates j(N)
n i and a number
of e -He+ scattering calculations, one for each m. The pseudostates are
written to disk and the information from the structure calculation is used
to determine the nature of the e -He+ calculations. These have additional
computer code which looks for the helium structure information, performs
the overlaps and writes them to disk. The output les are generated by
updating them for each e -He+ calculation.
Note that while the '(N)
 used in calculating the true continuum wave
function h(sm )

 ((N)
m )j are the same as those used to generate the pseu-
dostates j(N)
n i, only the rst nc of these are used to calculate the sf matrix.
In practice, this is simulated for low nc by using eigenstates of He+ instead
of '(N)
 .
True continuum function overlaps
To demonstrate the behaviour of overlaps h(sm )

 ((N)
m )j(N)
n i, a basis of pseu-
dostates j(N)
n i was prepared with N = 10 and nc set to N, representing a
full relaxation of the Frozen-Core approximation. 100 pseudostates are gen-
erated in this way. Figures 4.7 and 4.8 show tables of jh(sm )

 ((N)
m )j(N)
n ij
for sn = sm = 0 and 1 respectively. Only the case of 
 = 1 is included, as the
other cases of gamma are similar. The only major dierence for higher 
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Figure 4.7: jh
(sm )

 (
(N)
m )j
(N)
n ij for N = 10, nc = N, sn = sm = 0, 
 = 1.
N=nc=10, sn=sm=1, g=1
0
10
20
30
40
50
60
70
80
90
100
n
10
20
30
40
50
60
70
80
90
100
m
0
1
2
3
4
5
6
7
Figure 4.8: jh
(sm )

 (
(N)
m )j
(N)
n ij for N = 10, nc = N, sn = sm = 1, 
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that overlaps for increasing numbers of low m become zero as 
 is increased.
This can be seen in Figure 4.9, where 
 = 6, sn = sm = 0. This is due to
h(sm )

 ((N)
m )j being closed for these combinations of m and 
.
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Figure 4.9: jh
(sm )

 (
(N)
m )j
(N)
n ij for N = 10, nc = N, sn = sm = 0, 
 = 6.
One important feature that is obvious from the gures is that the overlaps
are not diagonal. This is due to the core-mixing in the pseudostates, as
seen in Equation (4.23). Also, there are a few diagonal terms which are
several times larger than the rest of the diagonal terms. These occur for (N)
n
corresponding to some of the metastable states, when 
(N)
f  e(N)
  ek is close
to zero for one of the terms in Equation (4.26). In this case, ek is negative,
which corresponds to a few k-grid points at energies representing the rst
few bound states. These need to be included in calculations involving ionicCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 96
targets.
Obtaining diagonal combined overlaps
The following procedure can be used to calculate Am
. It is normalised so
that
nc X

=1
jAm
j
2 = 1 (4.27)
and is obtained by using a least squares t such that
smsnhq
( )
m j
(N)
n i = smsn
nc X

=1
Am
h
(sm )

 (
(N)
m )j
(N)
n i / mn: (4.28)
The tting is done to ensure that hq( )
m j(N)
n i is as diagonal as possible. The
diagonal terms n = m give the proper continuum normalisation, hence, for
the partially relaxed core the scattering amplitudes [Eqn (4.10)] are
f
(SN)
sfi (kf;qf) = hq
( )
f j
(N)
f ihkf
(N)
f jTSj
(N)
i kii
=
nc X

=1
Af
h
(sm )

 (
(N)
m )j
(N)
f ihkf
(N)
f jTSj
(N)
i kii:(4.29)
This tting is done at the same time as the overlaps h(sm )

 ((N)
m )j
(N)
f i
are calculated, for one m in each e -He+ calculation. The CGELS subroutine
from the LAPACK package is used to perform the least square t using
complex number space.
To demonstrate the eectiveness of the tting for a partially relaxed core,
Figure 4.10 shows j
Pnc

=1 Am
smsnh(sm )

 ((N)
m )j(N)
n ij for N = 20, nc = 2,CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 97
sn = sm = 0. N was chosen to be much higher here, because a lower value
of nc yields fewer pseudostates. Although the combined overlaps appear to
be mostly diagonal, there are signicant non-diagonal elements. These oc-
cur mainly for a few m corresponding to the rst few pseudostates above
the ionisation-with-excitation threshold. This corresponds to a high con-
centration of pseudostates within a small energy range, which could lead
to numerical inaccuracy. The m-dependence of this non-diagonal behaviour
demonstrates that the problem is the inability to choose a set of Am
 that
yields diagonal combined overlaps for these m. This will have a signicant
impact on being able to accurately generate the continuum functions hq( )
m j,
for these values of m.
The tting was also applied to the overlaps presented earlier with the core
fully relaxed, with nc = N = 10. Figure 4.11 shows j
Pnc

=1 Am
h(sm )

 ((N)
m )j(N)
n ij
for N = 10, nc = N, sn = sm = 0. The combined overlaps shown in the
gure are indeed diagonal, with only a few non-diagonal elements. This
demonstrates the need to apply a full relaxation of the Frozen-Core approx-
imation in order to be able to accurately calculate the combined overlaps.
However, calculations involving the core fully relaxed are far more computer
intensive than calculations with the core partially relaxed and it is more
practical to do calculations with only a partial relaxation of the core.
Additionally, the scattering amplitudes in their current form are unableCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 98
N=20, nc=2, sn=sm=0
0
10
20
30
40
50
60
70
80
n
20
30
40
50
60
70
80
m
0
1
2
3
4
5
6
7
Figure 4.10: j
Pnc

=1 Am
h
(sm )

 (
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n ij for N = 20, nc = 2, sn = sm = 0.
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Figure 4.11: j
Pnc

=1 Am
h
(sm )

 (
(N)
m )j
(N)
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to yield the SDCS. To be able to do this, it would be necessary to break up
the amplitudes into contributions from dierent channels, as well as to know
the probability of exciting the dierent cores, but this information is not
available. However, the solution is trivial for pseudostates based exclusively
on only one core. As N is increased, this will be the case for an increasing
number of pseudostates and the mixing will occur at dierent energies.
A lot of useful information can still be extracted without needing to know
the values of the combined overlaps. The TCS, TICS and discrete scattering
cross sections can be obtained directly from the T matrix elements. It is
hoped to study scattering to auto-ionising states, by choosing the pseudostate
basis in such a way that these states are based exclusively on the 2s core.
The eects of relaxing the Frozen-Core approximation on the cross section
will be examined as the approximation is relaxed one core at a time.
4.5 Two-core approximation
The two-core approximation involves relaxing the restriction in Equation
(4.5) to   2 or   2, i.e. nc = 2 in Equation (4.21). This represents the
rst step in the process of relaxing the Frozen-Core approximation. For a
given N, this increases the number of pseudostates generated; from N singlet
and N   1 triplet states, to 2N   1 singlet and 2N   3 triplet states.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 100
4.5.1 Choice of pseudobasis
To investigate the eect on the cross section of adding the second core, the
calculations will be done in pairs of pseudostate bases: one with nc = 1
representing the Frozen-Core and one with nc = 2 representing the partially
relaxed core. Additional cores will be added as needed. The pseudostate
basis will be kept the same over a number of dierent E, as was done to
generate the Frozen-Core results in the previous section. However, in this
case we will only be looking at discrete and total cross sections, therefore, it
is not necessary to ensure that a pseudostate exists for the case kf = qf. This
allows us to instead ensure that the underlying energy-integration quadrature
rule is satised, by choosing total energies such that E  ((N)
n +
(N)
n+1)=2. The
energies of the pseudostates will be dierent for nc = 1 and 2, so the E are
selected to satisfy this property for the case when nc = 2, because the nc = 1
case is likely to be more stable and has already been tested. The calculations
with nc = 1 are done at the same E to allow for a better comparison between
the two cases. To study convergence with basis size, this process will be done
for three dierent N; in total 6 dierent pseudostate bases will be used.
The N are selected such that the pseudostates with the same energies
as the rst few auto-ionising states are based almost exclusively on the 2s
core. This is done to ensure that they are a good representation of the auto-CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 101
ionising states. While this is not necessary to study the transitions between
bound states, the TICS, or the TCS, it will be necessary in order to study
scattering to these auto-ionising states.
Nn state 2s2s1S 2s3s1S 2s3s3S
15 0.957 0.998 1.000
16 0.980 0.834 1.000
17 0.994 0.998 1.000
18 0.988 0.999 1.000
19 0.728 0.996 1.000
20 0.990 0.967 0.999
21 0.992 0.998 1.000
22 0.943 0.998 1.000
23 0.970 0.986 1.000
24 0.991 0.992 1.000
25 0.982 0.998 1.000
Table 4.2: Values of B2
n
 (see Eqn (4.24)) for 
 = 2 demonstrating the contribution
of the 2s core component to the pseudostate jni, where 
(N)
n corresponds to the states
2s2s1S, 2s3s1S and 2s3s3S and N ranges from 15 to 25.
Table 4.2 shows the contribution of the 2s core component in generating
the rst three auto-ionising states. This is given for a range of N from 15
to 25. Higher N are not listed here due to their prohibitive computation
time. The pseudostate bases generated for N = 17;21 and 24 give the best
representation of the rst three auto-ionising states. These pseudostates areCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 102
based almost exclusively on the 2s core. These N should be large enough
to demonstrate convergence, but small enough to have a computation time
that is not too long.
The energy distribution of continuum states within each of these bases
is given in Figures 4.12 and 4.13 for singlet and triplet states respectively.
States below ionisation threshold should be similar to those for the Frozen-
Core case. The gures also show the amount of mixing between the two cores
through the width of each line. Note that the target states corresponding to
2s2s1S, 2s3s1S and 2s3s3S appear to be based almost exclusively on the 2s
core, as is expected from the selection method used to obtain the N.
The distribution of the states looks like an overlay of two series: one
starting at the ground state is similar to the basis generated within the
Frozen-Core approximation, and one series starting at the double-excitation
threshold, but distributed in a similar manner. If the 1s and the 2s cores
are assigned to each series respectively, it can be seen that this gives a good
representation of which core each state is based on. It can be seen that
the mixing occurs primarily where states from both series overlap. This be-
haviour is derived from the method used to construct the j(N)
n i in Equation
(4.5) from both two-electron functions based on the 1s core and two-electron
functions based on the 2s core. This method generates a good representation
of the auto-ionising states.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 103
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Figure 4.12: Energy distribution of singlet states above ionisation threshold. Pairs of
colours represent the 1s and 2s core contributions, the width of the line given by B2
n
 (see
Eqn (4.24)).
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Figure 4.13: Energy distribution of triplet states above ionisation threshold.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 104
4.5.2 Testing the Frozen-Core approximation
Results are now presented for the TCS, TICS and discrete transitions to
the 11S, 21S and 23S states, using the pseudostate bases constructed with
the selected N and nc. The dierences between the bases with nc = 1 and
nc = 2 will provide information about the accuracy of the Frozen-Core ap-
proximation. Results are presented over a range of incident-projectile ener-
gies, starting with the double-excitation threshold through to about 400 eV.
The calculations are performed for total energies chosen such that the un-
derlying energy-integration quadrature rule is satised for nc = 2.
Scattering from the Ground State
First, the Frozen-Core approximation is tested for scattering from the ground
state of helium. The TCS is given in Figure 4.14 as a function of total energy
for all combinations of N = 17;21;24, and nc = 1;2. The TCS decreases with
E in the expected fashion. Convergence with N is clear and the additional
core has no visible eect.
The TICS for the same set of bases is given in Figure 4.15. Convergence
with N is good, with the exception of a few points. However, the TICS is
systematically bigger for all nc = 2 than it is for nc = 1, with the dierence
being largest for lower E. Nevertheless, the relative dierence in the crossCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 105
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Figure 4.14: Total cross section for scattering from the ground state. Results given
over a range of projectile energies.
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Figure 4.15: Total ionisation cross section for scattering from the ground state.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 106
section is small. It represents the increased probability of ionisation due to
the inclusion of the doubly excited states.
In Figures 4.16, 4.17 and 4.18 the elastic, the 21S and the 23S excitation
cross sections, respectively, are presented. Convergence is good in all gures,
except for a few points in the 21S excitation cross section. Interestingly,
adding the second core has a dierent eect on each of the cross section
results. It has no eect for elastic scattering. It systematically raises the
cross section slightly for 21S excitation and systematically lowers the cross
section slightly for 23S excitation. Once again, the dierences are greatest
close to the double-excitation threshold.
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Figure 4.16: Elastic cross section for scattering from the ground state.
Elastic scattering is clearly the dominant cross section, therefore any
changes in the cross section due to the inclusion of the second core are in-CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 107
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Figure 4.17: 21S excitation cross section for scattering from the ground state.
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Figure 4.18: 23S excitation cross section for scattering from the ground state.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 108
signicant. It is unknown what causes the increase in the 21S and the decrease
in the 23S excitation cross section as nc is increased. We speculate that it
could be due to the presence of the 2s2s1S state in the continuum. There
is no corresponding 2s2s3S state, which means that singlet states become
more probable as intermediate states than they were within the Frozen-Core
approximation. It is possible that this increases the likelihood of exciting a
singlet state, at the expense of a triplet state. Higher nc would only increase
this eect.
Scattering from Excited States
Results are now presented for scattering from the excited states 21S and 23S,
using the same set of bases as for scattering from the ground state.
The TCS for scattering from both states is given in Figure 4.19. The
TCS for scattering from both initial states is almost the same, with only
small deviations. This is a signicant result that demonstrates that the TCS
is independent of initial spin at energies sucient for double excitation. Any
dierence in the TCS is due to the small dierence in energy levels of the
two initial states. It can be seen that the second core has caused the TCS
to become slightly smaller, but the dierence is small and there is good
agreement between the cases of nc = 1 and 2. There is good convergence
with N.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 109
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Figure 4.19: Total cross section for scattering from the 21S and 23S states.
Figures 4.20 and 4.21 show the corresponding TICS. For both initial ex-
cited states, the inclusion of the second core has a very big impact on the
cross section and the relative dierence between the two cases of nc only
increases with total energy. At high energies, the two-core TICS is double of
that for the Frozen-Core approximation. The TICS for scattering from the
21S initial state is higher, because the ionisation threshold is lower. There is
reasonable convergence with N.
Figure 4.22 shows the elastic scattering cross section from the 21S state.
The inclusion of an additional core has no visible eect on the cross section,
as was the case for elastic scattering from the ground state. Convergence
with N is good.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 110
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Figure 4.20: Total ionisation cross section for scattering from the state 21S.
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Figure 4.21: Total ionisation cross section for scattering from the state 23S.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 111
0
1
2
3
4
5
6
7
8
0 50 100 150 200 250 300 350 400
c
r
o
s
s
 
s
e
c
t
i
o
n
 
(
1
0
-
1
7
c
m
2
)
projectile energy (eV)
  2
1S ® 2
1S
  N = 17, nc = 1
  N = 17, nc = 2
  N = 21, nc = 1
  N = 21, nc = 2
  N = 24, nc = 1
  N = 24, nc = 2
Figure 4.22: Elastic scattering from the 21S state.
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Figure 4.23: Scattering cross section from the 21S state to the 23S state.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 112
Figure 4.23 shows the scattering cross section for the transition from 21S
to 23S. The cross section drops considerably when the extra core is included.
This is due to the increased probability of ionisation at the expense of scat-
tering to bound states. Convergence with N is good.
The cross section for elastic scattering 23S to 23S is given in Figure 4.24.
Once again we see that elastic scattering is not visibly eected by the inclu-
sion of a second core. The S = 3
2 cross section is approximately double the
S =
1
2 cross section at these energies due to spin weights. Convergence with
N is good.
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Figure 4.24: Scattering cross section from the 23S state to the 23S state.
From the results presented so far, it can be seen that while the Frozen-
Core approximation is good for modelling one-electron transitions from theCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 113
ground state, it is insucient for scattering from excited states due to the
signicant probability of exciting auto-ionising states. It was seen that a
second core needs to be included in order to calculate the TICS as well as
inelastic scattering cross sections for scattering from the rst two excited
states. It is likely that for higher initial excited states the number of cores
that need to be included will increase further, such that single-excitation of
either electron can be modelled.
4.5.3 Excitation of Auto-Ionising States
Given that the Frozen-Core approximation has been partially relaxed, it is
also possible to investigate double-excitation. The value of nc will be set to 2
and only convergence with N will be tested. The pseudostate bases used in
the previous section have already been selected such that the pseudostates
corresponding to the rst few auto-ionising states are based almost exclu-
sively on the 2s core. This allows us to assume that the calculated cross
section for scattering to these pseudostates corresponds only to scattering
to the auto-ionising state and not a mixture of states of the same energy
based on dierent cores. This also allows Equation (4.11) to be used for the
purpose of calculating the cross section.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 114
Scattering from the Ground State
Results for scattering from the ground state are presented rst. The 2s2s1S
excitation cross section is given in Figure 4.25.
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Figure 4.25: 2s2s1S excitation cross section over a range of total energies. Scattering
is from the ground state of helium.
The cross section is similar in shape and magnitude for the three bases,
but convergence with N has not been achieved to a great deal of precision.
Note also, that the cross section is of the order of 10 21 cm2, which is quite
small. This could be making it more dicult to achieve stable numerics. Ad-
ditionally we cannot be sure that the eect of coupling to a nal state based
on the 1s core has been eliminated from this cross section. This depends on
the proximity of pseudostates based on the 1s core to the 2s2s1S energy. The
bases have been chosen to minimise this eect, however, it can be expected to
remain at some level and it becomes visible when the scattering cross sectionCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 115
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Figure 4.26: 2s3s1S excitation cross section over a range of total energies. Scattering
is from the ground state of helium.
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Figure 4.27: 2s3s3S excitation cross section over a range of total energies. Scattering
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is small. However, the general shape and magnitude of the cross section is
still clear.
Figure 4.26 shows the 2s3s1S excitation cross section. The cross section is
about a factor of four smaller, due to the larger transfer of energy within the
transition. Once again convergence with N has not been achieved to a sat-
isfactory precision, the problem being particularly dicult due to 10 22 cm2
magnitudes.
Figure 4.27 shows the 2s3s3S excitation cross section. The cross sections
for the three bases are smoother and closer together, possibly due to coupling
with the 1s core being smaller for the 2s3s3S pseudostate than the 2s2s1S and
2s3s1S pseudostates (see Table 4.2). However, convergence with N has not
quite been achieved either. The cross section is an order of magnitude smaller
than for 2s3s1S excitation.
Scattering from Excited states
Results are now presented for scattering from the 21S and the 23S excited
states. Figure 4.28 shows the excitation cross section of the rst auto-ionising
state 2s2s1S. The cross section is higher for the si = sf = 0 case. There is
good convergence with N for both initial states, and the cross section as
a function of E is smooth. It should be noted that the cross section is
two orders of magnitude higher than for scattering from the ground state.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 117
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Figure 4.28: 2s2s1S excitation cross section over a range of total energies. Results for
scattering from the 21S and the 23S states.
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Figure 4.29: 2s3s1S excitation cross section over a range of total energies. Results for
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This is because this transition only involves single-excitation, which is more
probable than double-excitation. The result demonstrates that the problem
with obtaining good convergence with N for scattering from the ground state
is due to the cross section being small with respect to the random numerical
errors.
Figure 4.29 shows the excitation cross section of the 2s3s1S state. The
cross section for the si = sf = 0 transition dominates as expected. The
cross section for both is an order of magnitude lower than in the previous
gure, as this transition requires double-excitation. The cross section for
both initial states is reasonably smooth as a function of total energy, although
convergence with N is beginning to be eected for the si = sf = 1 transition
due to the low value of the cross section.
Figure 4.30 shows the excitation cross section of the 2s3s3S state. The
21S ! 2s3s3S transition has the highest cross section close to the double-
excitation threshold, but drops of rapidly to zero, due to exchange eects.
The 23S ! 2s3s3S transition has two possible values of total spin S:
1
2 and
3
2. For low total energies, the two are quite dierent, with the S = 1
2 cross
section decreasing monotonically with projectile energy, and the S = 3
2 cross
section increasing to a maximum at about 80 eV above ionisation threshold.
However, for higher energies the two become equal, as the eect of coupling
diminishes. All the cross sections in the gure are well converged and smoothCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 119
as a function of total energy.
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Figure 4.30: 2s3s3S excitation cross section over a range of total energies. Results for
scattering from the 21S and the 23S states.
One result in Figure 4.30 that is most unexpected is the fact that the cross
section results for excitation of the 2s3s3S state are an order of magnitude
larger than for excitation of the 2s3s1S state (see Figure 4.29). This occurs
for both initial states 21S and 23S and is repeated for all pairs of 2sns1S
and 2sns3S. It is unclear why this happens, but it does demonstrate the
complexity of this scattering problem. It should also be noted that the
situation is reversed when the initial state is the ground state, with the 2s3s1S
excitation cross section being much larger than the 2s3s3S cross section.
To summarise, convergence in the double-excitation cross section could
not be achieved to a desirable degree of accuracy for scattering from theCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 120
ground state. This is likely to be due to the smallness of the cross section.
The double-excitation cross section for scattering from excited states is much
larger giving a smooth cross section as a function of total energy with good
convergence with N being demonstrated. The double-excitation cross sec-
tions have also been found to contain interesting structure and transition
rules.
4.6 Multi-core approximation
Now that convergence with N has been tested, in this section we will test for
convergence with the number of cores nc that are included. It has already
been demonstrated that the Frozen-Core model is sucient for modelling
single excitation from the ground state, therefore a convergence study with
higher nc is not required. However, the addition of a second core had a
signicant impact on the TICS and cross sections for non-elastic scattering
from excited states. Also, all double-excitation cross sections have only been
given for nc = 2.
To investigate convergence with nc, N will be set at 17 and nc will be
increased from 1 to 4 as required. The make up of the basis for the nc = 4
case is given in Figures 4.31 and 4.32 for the singlet and triplet pseudostates
respectively. The gures show energy distribution of pseudostates above the
ionisation threshold and how much of each state is based on the dierentCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 121
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Figure 4.31: Energy distribution of singlet states above ionisation threshold.
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Figure 4.32: Energy distribution of triplet states above ionisation threshold.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 122
cores. As seen previously (see Fig. 4.12 and 4.13), the distribution of states
looks like an overlay of nc series of states, one for each core, with mixing
between cores where the series overlap.
Scattering from the Ground State
Figures 4.33, 4.34 and 4.35 show the 2s2s1S, 2s3s1S and 2s3s3S excitation
cross sections respectively, for scattering from the ground state. The cross
sections are presented for N = 17, nc = 2;3 and 4.
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Figure 4.33: Convergence with nc in the 2s2s1S excitation cross section. Scattering is
from the ground state.
The results of the convergence study are similar in all three gures. There
is apparent convergence with nc at some energies, but overall, convergence
has not been achieved. There is even evidence of bounded oscillation, with
some nc = 4 results being much closer to the nc = 2 results than the nc =CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 123
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Figure 4.34: Convergence with nc in the 2s3s1S excitation cross section. Scattering is
from the ground state.
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Figure 4.35: Convergence with nc in the 2s3s3S excitation cross section. Scattering is
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3 results. It is possible that the core has to be fully relaxed in order to
achieve convergence with nc. However, it is more likely that the problem
with convergence is due to the small size of the cross section, as was the case
for the convergence with N.
Scattering from Excited States
Figures 4.36 and 4.37 are presented to demonstrate convergence with nc in the
TICS for scattering from the states 21S and 23S, as well as in the 21S ! 23S
excitation cross section respectively. Previously it was demonstrated that
the addition of a second core had a large impact on these cross sections. It
can be seen from the gures that the addition of a third core has a small
additional impact on the cross section, but it is clear that convergence with
respect to nc has indeed been achieved.
Figures 4.38, 4.39 and 4.40 show the double-excitation cross sections
2s2s1S, 2s3s1S and 2s3s3S respectively. Each gure shows scattering from
both the initial states 21S and 23S.
For scattering to the 2s2s1S state, the eect of adding a third core is neg-
ligible, nc = 2 being sucient to get the converged result. For scattering to
the 2s3s1S and 2s3s3S states, the addition of a third core causes a signicant
drop in the cross section across the incident particle energy range, but there
is little further change when a fourth core is included. This would suggestCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 125
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Figure 4.36: Convergence with nc in the TICS for scattering is from the 21S and 23S
states.
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Figure 4.37: Convergence with nc in the 21S ! 23S excitation cross section.CHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 126
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Figure 4.38: Convergence with nc in the 2s2s1S excitation cross section. Scattering is
from the 21S and 23S states.
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Figure 4.39: Convergence with nc in the 2s3s1S excitation cross section. Scattering is
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Figure 4.40: Convergence with nc in the 2s3s3S excitation cross section. Scattering is
from the 21S and 23S states.
that to calculate a 2sns excitation cross section, at least n cores should be
included when the pseudostate basis is generated.
4.7 Conclusions
When it comes to scattering from the ground state of helium, relaxing the
Frozen-Core approximation by adding a 2s core appears to have no eect
on the TCS and the elastic cross section. It has a small eect on the TICS
and other discrete cross sections, but this can be expected and the eect is
very small. This veries the accuracy of the Frozen-Core approximation for
the purpose of studying total cross sections and for studying one-electronCHAPTER 4. e -He COLLISIONS IN THE S-WAVE MODEL 128
excitation from the ground state.
The Frozen-Core approximation has been demonstrated to also give the
correct result for the TCS and for elastic cross sections for scattering from
the excited states 21S and 23S. However, a 2s core needs to be included to
accurately calculate the TICS as well as cross sections for inelastic scattering.
This allows single-excitation of either electron to be modelled appropriately.
For excitation of the auto-ionising states, convergence with N and nc
can only be achieved to a satisfactory precision when the cross section is
suciently large in magnitude. This has been achieved for scattering from
excited states 21S and 23S and it was demonstrated that the number of cores
nc that need to be included is 2 for scattering to the 2s2s1S state and 3 for
scattering to the 2s3s1S and 2s3s3S states.
The cross section for exciting auto-ionising states (1s2s!2sns) is of a simi-
lar magnitude to the cross section for exciting single-excited states (1s2s!1sns,
where n > 2), which demonstrates that both electrons in the helium target
have approximately equal probability of excitation.
An unexpected feature was discovered, with the transitions 21S!2s3s3S
and the 23S!2s3s3S both being an order of magnitude more likely than
the corresponding transitions to the 2s3s1S state. This behaviour is energy
dependent and occurs for projectile energies below approximately 200 eV. In
contrast, the 11S!2s3s1S transition dominates the 11S!2s3s3S transition.Chapter 5
Conclusion
Throughout this thesis, various aspects of electron-hydrogen and electron-
helium scattering have been considered within the S-wave model. For both
targets, convergence with increasing basis size has been observed in the scat-
tering cross sections for a number of initial states and over a wide range
of total energies, with the exception of the singly dierential cross section
(SDCS), which was seen to follow the expected step-function behaviour (see
Section 2.3.3). These results should prove useful as benchmark results for
other theories. Also, our knowledge of the CCC method and its capabilities
have been increased through this study, especially in dealing with divergent
potential matrix elements and double excitation of helium.
In the case of electron-hydrogen scattering, an initial state in the contin-
uum was included corresponding to two equal-energy electrons incident on a
129CHAPTER 5. CONCLUSION 130
proton. For such initial states, the elastic scattering cross section contains
a potential matrix element as a rst term that is divergent with increasing
basis size. Nevertheless, convergence was observed numerically to a reason-
able accuracy in the elastic scattering cross section, which demonstrates the
utility of the Laguerre basis in representing discrete and continuum states.
It should be noted that while an analytical proof is still required for abso-
lute certainty of convergence, that is outside the scope of this thesis. An
unexpected feature was also observed in the elastic scattering cross section
as a function of total energy, with a local minimum at 2.5 Ry. The same
feature was also observed in the total ionisation cross section (TICS) and
was explained by the sharp increase in the elastic potential matrix element
as the total energy approached the ionisation threshold.
In the case of electron-helium scattering, the analytical result of the sin-
glet SDCS corresponding to equal energy sharing being a factor of three
smaller than the triplet SDCS [2], was veried numerically for the Frozen-
Core approximation for the rst three discrete states, though some insta-
bilities were visible near their maxima. This is despite there being no such
relation between other singlet and triplet cross sections. The Frozen-Core
discrete cross sections and the TICS showed little sign of instability and
their structure appeared far richer than the corresponding cross sections for
hydrogen.CHAPTER 5. CONCLUSION 131
To test the accuracy of the established Frozen-Core approximation for
electron-helium scattering, a number of partially relaxed core calculations
were performed. For scattering from the rst two excited states, the inclusion
of a second core had a large eect on the cross section results for inelastic
scattering and the TICS, though additional cores had little further eect.
This demonstrates that a partially relaxed core is required to fully model
scattering from excited states. However, elastic scattering cross sections and
the TCS were not signicantly aected by the inclusion of a second core
and the Frozen-Core approximation can still be used to calculate these cross
sections. As expected, the approximation was veried to be accurate for all
one-electron excitation cross sections from the ground state.
The cross section for scattering to double-excited helium states has been
calculated directly from the CC formalism for the rst time. Double-excitation
cross sections for scattering from the ground state are small in magnitude,
which makes it dicult to obtain convergence to a good accuracy. However,
the shape of the cross section as a function of total energy is clear. For
scattering from excited states the cross section is much larger and there is
good convergence with N and nc. Two cores are found to be sucient for
calculating the 2s2s1S excitation cross section, but three cores are required
for the 2s3s1S and 2s3s3S excitation cross sections. This would suggest that
n cores need to be included for scattering to a 2sns state. Interestingly, forCHAPTER 5. CONCLUSION 132
low energies the excitation of the 2s3s3S state is an order of magnitude more
favourable than excitation of the 2s3s1S state for scattering from both the
21S and 23S states.Bibliography
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